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Abstract—We derive multi-rank generalizations of the MVDR  orientation may change from realization to realization, in
beamformer to separate an unknown signal of interest in the which case the signal covariance is multi-rank.
presence of interference and noise. The spatial signature of Tng jdea for deriving both beamformers is to ask for a
the signal is assumed to lie in a known linear subspace, but desi d to the si | sub hil S
the orientation of the signal in that subspace is otherwise esigned response 1o the signal subspace while minimizing
unknown. The unknown orientation may be fixed for a sequence the power at the output of the beamformer. We show that
of experimental realizations, in which case the signal has a rank- multi-rank beamformers may be designed by using a multi-
1 covariance matrix, or it may be random over realizations, in  rank MVDR beamformer or its equivalent generalized sidelobe
which case the signal covariance is multi-rank. We derive tWo cancaller (GSC), followed by a resolution onto a dominant
generalizations of the MVDR beamformer: a matched direction b f tched direction b f . bd
beamformer for the rank-1 case where the signal is drawn _SU space (for matched direction beamforming) or a_su om-
from an unknown but fixed direction within a known multi- ~ inant subspace (for matched subspace beamforming). The
dimensional subspace, and anatched subspace beamformeor eigenvalues of the error covariance matrix associated with
the multi-rank case where the signal is drawn from a known | MMSE estimation in the GSC play a key role in resolving
multi-dimensional subspace. signals of interest. The dominant eigenvalues of the error
covariance matrix resolve signals with rahkeovariances
and the subdominant eigenvalues resolve signals with multi-

In many applications of radar and sonar it is desired {@nk covariances. Thus, the beamformers we advocate may be

separate a signal of interest in the presence of interferer{¢@wed as eigenvalue beamformers. But, more importantly, it
and noise using measurements frdmsensor elements, e.g.!S eigenvalues of an error covariance, or beamformed covari-
see [1]. Typically, the problem is one of estimating a sign&nce, that matter- not eigenvalues of measurement covariance

I. INTRODUCTION

s(t) or its power in the measurement model matrices. Numerical examples are presented to demonstrate
the performance of eigenvalue beamforming. The work that
x(t) =s(t) +v(t) +n(t); s(t) =as(t), (1) laid the foundation for this paper is reported in [3].

wherea is the signature of interes(t) is the interference Il. SIGNAL MODELS
vector, andn(¢) is broadband noise. Consider the generdl-dimensional data model (1). Assum-
In most situations, the signature vecteris not perfectly ing thats, v, andn are uncorrelated and have zero means, we

known, due to factors such as multi-path, local and randomay express the measurement covariance matrix as

§catter|ng, near_ﬂeld Wa\_/efront fo_rmat|0n, random fluct_uat|(_)ns R = E[xx"] = Ry, + Ryy + Ry, @)

in the propagation medium, flexing arrays, array calibration

errors, uncertainty about the direction of arrival (DOA) of th&vhereR; = E[ss’] is the signal covarianc®.,, = E[vv ]

source, and movement of the source. Differences between ihéhe interference covariance, alt),, = E[nn’’] = 021 is

presumed signature and the actual signature result in sigtfed noise covariance. We assume that the signis in a

suppression and poor interference rejection, degrading flreear subspace and consider the two following signal models.

performance of adaptive beamformers (e.g. see [2]). Model 1: Standing waves from a knowrdimensional
We derive twomulti-rank generalizations of the MVDR subspaceThe signal (wavefront) model is

beamformer, namely aatched direction beamformemnd a .

. s = Wh,s, 3)
matched subspace beamforiigr separate an unknown signal
of interest, assuming that some knowledge about its signatwkere ¥ is a knownZL x p (p < L) matrix with orthonormal
vector is available. We assume that the signature vectms columns, spanning g-dimensional subspacgal). The vector
in a known linear subspace but its direction, or orientatiob,, is an unknown but fixe¢h x 1 unit-norm complex vector
within the subspace is unknown. The unknown orientation mélyat determines the orientation sfin (¥), ands is a zero-
stand up over a sequence of experimental realizations, in whivkean random complex amplitude with variange= E[ss*].
case the signal covariance matrix is rank-one. Or the unknoWere, the signak is known to lie inside thep-dimensional



subspacg¥) but the coordinates of in (¥) are unknown. W = [wy,ws,...w,] € CI*" and to ask for a designed
The signals has a rankr covariance matrix for the form response in the subspa¢®). Thus, we constrain the matrix
R., — E[ss"] = 02Wb, b W @) beamformerW to satisfy the subspace constraint
H H
Here, the relative phasings and amplitudes induced by the Wi =Q7, (7)
signal on the array elements do not vary from snapshot whereQ is apxr (r < p) left-orthogonal matrix, i.eQ”Q =
snapshot, as all the realizations ofire built from the same L., and QQ = Pq, an orthogonal projection ont¢Q).
linear combination of the columns ab. All the wavefronts This subspace constraint is equivalent” ¥ [Q Q,] =
in a sequence of snapshots have the same “shape”, hence/kh@], where[Q Q,] € C?*? is an orthogonal matrix. This
name standing waves. shows that under the constraint in (W images ther
The model (3) is applicable when there is deterministilmear combinations (or vectordfQ asI and thep —r linear
uncertainty about the signature vector, due to uncertainty in tbembinationsP Q, as zero. These may be calldidtortionless
exact source direction or due to array calibration errors. Thasd zero-forcing constraints, respectively. The question that
model is also relevant in slow-varying multi-path scenariosaturally arises here is: how should the constraint vectors
where the signaé is a superposition of waves arriving from®[Q Q,], or equivalently the left-orthogonal constraint ma-
different angles (paths) and path gains are unknown but fixgtk Q, be designed? We defer the answer to this question

during the observation interval. until Section V. Until then, we assume th&} is a known
Model 2: Fluctuating waves from a knownrdimensional left-orthogonal matrix.
subspaceThe signal (wavefront) model is A natural beamforming strategy would be to desin to

minimize the output power {E[yy”]} = tr{ WHxxTW},

while forcing the subspace constraint in (7):

where W is a knownL x p (p < L) matrix with orthonormal min P = tr{WHRW} uc. WHE = Q¥ )

columns, spanning g-dimensional subspac@®). The vector Wew

b is ap x 1 zero-mean complex random vector with rankThis may be viewed as aulti-rank generalization of the

p covarianceRy, = E[bbf], normalized so that {R;,} = standard MVDR beamformer, as it yields a matrix minimum

1, and s is a random complex amplitude with variane€ variance beamformeW*, under designed distortionless and

independent ofb. Consequently, the signal has a ranky zero-forcing constraints in eulti-dimensionalsubspace. We

covariance matrix of the form note that multi-rank beamforming problems of the form (8)

H 2 H have been considered in [5]-[7]. What distinguishes our work

Ros = Blss™] = 00 @Ry, W ®) s that in [5]-[7] the constraint matriXQ is pre-specified,

The relative phasings and amplitudes induced by the sigwéhereas in this paper we design the constraint madyix

on the array elements vary from snapshot to snapshot, as eachhe solution to (8) is

realization ofs is built from a different linear combination of _1 Has— 1o —1

the columns of. Each wavefront in a sequence of snapshots Wo =R (PTR™)Q, ©)

has a different shape, hence the name fluctuating waves. P, = tr{ WZRW,} = tr{Q” (T R'¥)~'Q}.  (10)

The model (5) is applicable when is produced by a .
distributed source. It is also applicable when the uncertainty\llxe call the L x r matrix W, a rank—r MVDR or Capon

the signature vector changes randomly during the observatl?é%lairgfcs);;n;;g tli ;mpgrrttiiztlatrobggtr?n thg: farllgctr:i]ggngnlrl]e as
interval, e.g., due to a flexing of a towed array in sonar. P 9 ge,

Remark.For a narrowband but spatially distributed sourcggazzgsgfiﬁellmﬁfh t‘lt]r?erselgn?el “tfws Crir?izierzgzsaf n the ‘E?at'al

which radiates towards at.-element uniform linear array i(; 8) has to be Ool sd for e ((e)r ’eleitr'cal an Ielogf pr:?ersr?

(ULA) with angular power density(f) = 1, 0 € [, — Na(tu)rallys the mjlti\;ank MV\I/DRybeamflormeW\(;:l andI the .
6, , 0 < 8 < 1the numerical rank R, isp ~ 5L, ' I . o G

B, 0o+ 0r), 0 < 5 < umerl Isp~ OL output powerP, are functions of electrical angle, by virtue of

and A ~ 1I. In such a case, the columns ¥f are the firstp : .
p
discrete prolate spheroidal wave functions (DPSWFs)@nd their dependence oW. 'For this reason, the plot of thg output
power P, versus electrical angle may be called thalti-rank

is the corresponding—dimensionalSlepian subspacp!]. MVDR bearing response pattern

s = Whs, 5)

II. MuULTI-RANK MVDR BEAMFORMING
IV. GENERALIZED SIDELOBE CANCELLER

The idea in stapqarq MVDR 'is to design 2 vector The multi-rank beamformer in (9) may be expressed as
beam;ormer;v tg minimize the output poweE[yy"] = W, — [¥ — GF|Q, whereF — (GRG)~ G/ RW [3],[8].
E[(whx)(w x_) ] unqler the constraint that the beamforme{:onsequently the beamformer output= WHx may be
produces a unit-magnitude respone€+ = ¢, [¢]* =1toa ‘o - asy — Whx — Q[u — Fflv] — QH(; wherex
waveform with aknown5|gn§ture vecton = d’ For signals v, ande are the vectors shown in th@eneralized Sidelobe
of the form (3) and (5) the signature vector is not known, bl&anceller (GSCliagram in Fig. 1:
the subspacé®) in which the signature lies is known. In this 9 g+
case, it seems more natural to desigmatrix beamformer u=®¥fx, v=Gfx, and e=u-Fiv. (11)



Tl y L e:Re, QI When the interference term is negligible, it is the largest

4 - r eigenvalue ofR.. that determines the signal powet. Thus,
R:x e—<—¢ [¥ GJ: Unitary i H i . . 2 .
7 F = W/ RG(G'RG) to retain the signal powes? the left-orthogonal matrixQ
GHe CL—v7L v must carry the dominant eigenvector Rf.. When the inter-

ference term dominates it is not clear how the rangignal
term o2bob{! and the rankt interference term?? ¥ # vy o
contribute to the eigenvalues &... They together determine
the two largest eigenvalues ®... Thus, to make sure that
the signal will not be suppressed, the matgxmust carry the
two dominant eigenvectors &... The sum of the two largest
eigenvalues oR... then captures all of the signal power. In the
more general case of—1 interfering terms (or an interference
R.. = Eleef] = (TR1®)" 1 (12) term with a rankiry — 1) covariance) the matrixQ must

. carry thery; dominant eigenvectors dR.. to avoid signal
i-;hgei\f’:r\:vg; at the output of the multi-rank MVDR beamformesfuppression, and the sum of thelargest eigenvalues @&..

captures all of the signal power, suggesting the estimator
P, =tr{R,,} = tr{Q”ee” Q} = r{Q"R..Q}. (13)

Fig. 1. Generalized sidelobe canceller (GSC).

Looking at the GSC diagram, it is easy to recognize Hatis
the LMMSE filter for estimatingu from v. Correspondingly,
e = u — FHv is the error in estimatingr from v, with
covariance [3],[8]:

Td
52 =tr{Q"RccQ} = ) evi(Ree). (16)
V. MATCHED DIRECTION BEAMFORMING VERSUS i=1
MATCHED SUBSPACEBEAMFORMING In summary, when the signal of interest generates standing
We now clarify how the constraint matriQ should be waves (model (3)) the x r, constraint matrixQ must carry
designed in order to resolve signals of the form (3) and (S)he dominant eigenvectors of the error covariance marix,
Referring to the data covariand in (2), for the sake to make sure that the signal is not suppressed. Here, we have
of simplicity and without loss of generality, let us assumgsedr, in place ofr to stand for matchedikction. The
that the interference covariandg,, is ranki of the form resultant beamformeW ! may be called anatched direction
R,, = o;vv'l, whereo? is the interference power and peamformeras it is resolves signals that are randomly drawn
is its normalized signature vector. Then, we may express $im an unknown direction inside a known subspace. Our

error covariance matriR.. = (Z?R~!'®¥)"! as use of language here is consistent with the use in [9], where
o2 matched direction detectors are derived.
R.. = V¥R ¥ +072 n AW 4621, ,,

on + o Pyy (14) B. Fluctuating Waves and Matched Subspace Beamforming
where in obtaining (14) we have used the matrix inversion We now consider the case of fluctuating waves (model (5)),
lemma twice. The first term iR.., namely $7R,, ¥, is where the signal covarian®;, is equal toR,, = o2 W7 AW,
the signal covariance matrix after it is passed through the tpr the sake of simplicity, we consider the Slepian case, where
branch of the GSC. The second term is the covariance matfix= 11, and hence the error covariance mafRx. becomes
for the interfering wavefront, after being suppressed by the
GSC. The GSC reduces the interference pawgeby a factor o UjI g or
of n? = 02 /(02 + o2v"Pgv) < 1. The reduction factor? T p TP T VG2 L a2pHP LY
is the largest when the norm of the projectiBig, v is close (17)
to one. This happens when the interference signature vectoyVhen the interference term is negligible, all the eigenvalues
approximately lies if®)+ = (G). of R are equal to e(Ree) = 2 + o7, i = 1,...,p and
The output power of the multi-rank beamform& % is henceQ may be selected to carry any collection af of
related to the error covariance matrR.. as in (13). The the eigenvectors oR... An estimate ofs? is then given by
question is how the left-orthogonal matx should be chosen 6% = T%tr{QHReeQ} = o2 + po2. When the interference
so that t{Q”R..Q} captures the signal power, for standingerm dominates, the first eigenvalue Bf.. (assuming that
waves or for fluctuating waves. the eigenvalues oR.. are arranged in descending order)
A. Standing Waves and Matched Direction Beamforming 'S dominated by the interference. However, ths; rest 2Of the
eigenvalues ofR.. are all equal to efR..) = - t o

Let us first consider the case of standing waves (model (3)),- 9,...,p. Therefore, they x r, left-orthogonal matrixQ

N CEYIVZER S O‘ELIpo.

w2here ”}f SIL;C]”al covariance matk,; is equal toR; = myst be selected to carry the < p subdominant eigenvectors
o;¥b,b, ¥ and b, is an unknown but fixed orientationof R .. This controls the effect of the interference term on the
vector with unit norm. The error covarian®®,. is estimate ofo2. Here, we have used, in place ofr to stand

R 2b bH & o2 o2 ST 4 021 for matched sbspace.
ce = TxDobo o2 oLy Y +nlpxp- Therefore, when the signal of interest generates fluctuating
(15) waves (model (5)) the x r, left-orthogonal matrixQ must



carry ther, subdominant eigenvectodd the error covariance  The bearing response patterns for matched direction beam-
matrix R.., and an estimate of the signal power is given byformers of rank one and two are plotted in Figs. 2(c),(d), which
prtl show that matched direction beamformers resolve the tank-
s2=2P P, = ﬂtr{QHReeQ} _P Z evi(Ree). (18) sources. The bearing response patterns for matched subspace
rs Ts beamformers of rank one and two are given in Fig. 2(e),(f).
The plots show that matched subspace beamformers resolve
Since here the multi-rank MVDR beamform& resolves the multi-rank sources, rendering sharp peaks at the center of
signals that are drawn from a known multi-dimensional sulthe angular bandwidth. However, they can not resolve the rank-
space, we calW’ amatched subspace beamform@ur use 1 sources. The reason is that the rankeurces contribute to
of language here is consistent with the use in [10], whefBe dominant eigenvalues @&.., which are not selected in
matched subspace detectors are derived. matched subspace beamforming. As can be seen the2rank-
matched subspace beamformer has a wider response than the
rank-l1 matched subspace beamformer. These plots verify that
Our goal here is to analyze the performance of matcheshtched direction beamformers resolve signals of the form (3)
direction and matched subspace beamformers using simple ane that matched subspace beamformers resolve signals of the
merical examples and to illuminate the role of the eigenvaluésgm (5) and validate our designs. However they do not bring
of R.. in resolving signals of the form (3) and (5). much insight about why the plots in Figs. 2(c)-(f) look the
We consider a ULA withL = 128 elements and half- way they do. Insight may be gained by looking at the plots
wavelength inter-element spacings. Four sources of the foohthe eigenvalues of the error covariance mafRiy, versus
(3) and four sources of the form (5) are incident on the arraglectrical angle (eigenvalue bearing response patterns), which
From here on we refer to the sources that generate standamg shown in Figs. 2(g)-(j). In fact, as we shall discuss next
waves as rank- sources. Similarly, we refer to sources thait may be more interesting to use these eigenvalues instead of
generate fluctuating waves as multi-rank sources. All souragegir averages for beamforming.
are drawn from the3L = 4 dimensional Slepian subspace
(W), with fractional wave-number bandwidth = 4/L. The
signal powero? for each source and the noise power at
each sensor element are choservas= 1 ando2 = 0.1/L,
resulting in an input SNR of 10 dB. The four raihksources

s :
i=p

VI. DISCUSSIONS AND NUMERICAL EXAMPLES

Figures 2(g)-(j) show that the dominant eigenvalueRqf,
i.e., ev(R..), resolves the rank-sources, and that the sub-
dominant eigenvalues dR.., say e¥(R..) and e4(R..),
resolve the multi-rank sources. The values of the eigenvalues

are centered at electrical angles1, 2.22, and2.29 radians, °f Ree at the center of the angular bandwidth for multi-

; 2 2 o _
and the four multi-rank sources are centered at electrical ang{lj@gk sr(])_u:]ce_s are z_;\pproxmz?]tely equall_l%toi;r In =~ 6 h
—992 —1.3, —1, and—0.49 radians. The rank-sources have B, which is consistent with our earlier discussion. What

different orientation vectorb,. These orientation vectors are™'@ Seem puzzling in these plots is the fact that the bearing

fixed, but they are unknown to the beamformer. The orientatiOh>PONSe patte_rns for the dominant eigenvalues are flat i.n arel-
vectors for the multi-rank sources are randomly drawn from@'Vely wide neighborhood around the center of the multi-rank
distribution with covariance\ — 11. sources, rendering poor resolution, but as we move towards
Figures 2 (a)-(f) show the bearing response patterns 11&;—:- subdominant_eigenvalues the b_earing response patterns get
the conventional (Bartlett) and standard MVDR beamforn}!2fOWer, renderlng higher resolution. Th's behavior may pe
ers (Figs. 2(a),(b)), matched direction beamformers (Fi 'plalned by looking at the error covariance expression in
2(c),(d)), and matched subspace beamformers (Figs. 2(e), ?
versus electrical anglé. For the conventional and MVDR X o ) .
beamformers these plots are obtained by steering the beattﬂﬁn IS nezghglble). Sﬁue{pose thelrap ksource with covariance
vector v(6) in electrical angle and computing the output™ss — oY (O)AT(O), A - EI is centered a_t electrical
power P = (0)7Rap(0) (for conventional) andP = angled. When the beamforming supspa(:@(é)»_ is stgered
(y(0)HR~14p(6))~" (for MVDR) for various electrical an- to electrical angled the error covariance TatnRee is of
gles 9. For matched direction and matched subspace beaifie form R, = Rec(0) = =7 (0)Py(0)¥(0) + 071,
formers the plots are obtained by steering the Slepian basisere Py (6) = W(§)¥# () is the orthogonal projection
(¥) around in electrical angle and evaluating (16) and (18patrix onto the Slepian subspac¢®(0)). The first term in
with R, = (P(0)"R~1¥(9))~L. The steered Slepian basisR.. depends on the location of the souftand the electrical
P (#) may be obtained by post-multiplying the broadsidangled for beamforming, which we sweep over. Létbe the
Slepian basig¥(0)) (corresponding to an angular bandwidthtractional wave-number bandwidth for the Slepian subspace
centered at 0 rad) bip(e??) = diag(1, e, ..., e/(L=10), (¥(0)) and note that3 is independent of the steering angle
Referring to Figs. 2(a),(b), the conventional and MVDR. When ¢ is far from 6 such that the angular bandwidth
beamformers fail to resolve the ranksources (the con- [0 — (3,0 + Bx] for (¥(0)) and [0 — B, 0 + B for (¥(0))
ventional beamformer produces false peaks and the MVQRerlap only in a small fraction dfgx, the numerical rank of
beamformer does not peak at all), and they render wide a#d6)” Py (9)®(9) is small. Consequently, the subdominant
flat peaks for the multi-rank sources. eigenvalues offr (6)7 Py (9)®(6) will be close to zero. This

). For the sake of simplicity and without loss of generality,
us assume that only one source is present (interference



Bearing response pattern (48]
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Fig. 2. Bearing response patterns for (a) conventional (Bartlett) beamformer, (b) standard MVDR beamformer, {cnetoked direction beamformer,
(d) rank2 matched direction beamformer, (e) rahknatched subspace beamformer, (f) raniratched subspace beamformer, (g) @ee), (h) ew(Ree),
(i) evs(Ree), and (j) eu(Ree). Reading from left to right in each plot the first four sources generate fluctuating waves with caniariances and the next
four sources generate standing waves with rardovariances. The theoretical data covariance matiis assumed to be known.

E) o 1
Electical angle 0 rac]

) 0

explains why the bearing response pattern for the most sdbat depend on an error covariance or beamformed covariance
dominant eigenvalue dR.. (Fig. 2(j)) has sharp peaks aroundmatrix.

the multi-rank sources. A8 gets closer t@ the two angular
bandwidths overlap in a wider region and hence the numerical
rank of ¥(0)" Py (0)®(9) increases. Consequently, as we
go towards the dominant eigenvalues B{0)7 Py (6)¥(0) 0
the range of electrical angles over which these eigenvalf%
are nonzero gets wider and wider. Thus, the most domin
eigenvalue of¥(0)? Py (0)¥(0) remains non-zero over an
angular bandwidth o7 around the center of the multi-rank 1
source. When the two-angular bandwidths stop overlapping
the numerical rank off (9)” P (6)¥ () becomes zero and [3]
the eigenvalues oR.. collapse too2.

The plots in Figs. 2(g)-(j) also show that averaging thgs
eigenvalues will result in wider peaks around the center
location of the sources and hence loss of “resolution”, whic
explains why the plots in Figs. 2(c)-(f) for matched direc-
tion and matched subspace beamformers become wider with
increase in the beamformer rank. Averaging the eigenvalues
of R.. may be viewed as a diversity combining technique(g)
where per mode (subspace dimension) powgigen by the
eigenvalues are averaged to yield an estimate of the sig (j
power. Correspondingly, the number of eigenvalues average
may be viewed as the diversity gain. Therefore, there is a
trade-off between the diversity gain and “resolution”. (8]

VIl. CONCLUSIONS

We have derived two multi-rank generalizations of the
MVDR beamformer; a matched direction beamformer, for thé”!
case where the signal of interest is drawn from an unknown
but fixed direction within a known multi-dimensional subspace
and has a rank-covariance matrix, and a matched subspa([:]eol
beamformer, for the case where the signal of interest is drawn
from a known multi-dimensional subspace and has a multi-
rank covariance matrix. Evidently, matched direction and

T
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