Using Fredholm determinants to estimate
the smoothness of refinable functions

Ingrid Daubechies

Abstract. The regularity of refinable functions is linked to the spectral
properties of special operators associated to the refinement equation;
we then use the Fredholm determinant theory to derive numerical esti-
mates for the spectral radius of these operators in certain spaces. This
new technique is particularly useful for estimating the regularity in the
cases where the refinement equation has an infinite number of nonzero
coefficients and in the multidimensional cases.

61 Introduction

This paper reports on joint work with Albert Cohen; a longer version will
appear elsewhere (see [5]). Refinable functions are functions that satisfy a
refinement equation, i.e.,

p(z) =2 hnp(22 — n) (1.1)

The coefficients h,, are often, but not always, chosen finite in number. Such
functions appear in different settings, most notably in subdivision schemes
for computer aided design, where they are tools for the fast generation
of smooth curves and surfaces (see [1] and [13] for reviews), and in the
construction of wavelet bases and multiresolution analysis (see [24], [7],
and [25]).

The regularity of a function ¢ can be measured in different ways; we
shall concentrate here on Sobolev exponents. If ¢ is in C™ but not in C™*t1,
then its Holder exponent is given by u = n + v with

(n) —
v =inf | lim inf log | (w +1) = ¢ () . (1.2)
x |t|—0 log |t|
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2 1. Daubechies

The Sobolev exponent s of ¢ is defined by
s=sw {s [1BPQ+ o) do < +o0] (1.3

where ¢(w) = [ @(x)e”“ dz is the Fourier transform of . One can gen-
eralize this to LP-Sobolev exponents s, which, following [20], we define
by

sp=sup {s [ 16+ oo < +oc (1.4

These different regularity indices are related to each other by s = s,
p > s1 and, by Holder’s inequality, s, —r~1 < s, —p~! for 0 < p <r < 2p.
We shall restrict ourselves here mostly to p = 2, as in (1.3); for more general
p, see [20] or [5].

Most of the techniques developed to estimate the regularity of a re-
finable function concentrate on the case where only finitely many h,, are
non-zero, which was, until recently, the only case of interest for applications:
in subdivision schemes it corresponds to finite masks; in wavelet construc-
tions, to compactly supported scaling functions and wavelets. If there are
only N + 1 nonzero h,,, then Micchelli and Prautzsch [26], and Daubechies
and Lagarias [9,10] showed how to find, at least in principle, the Holder
exponent of ¢ by computing bounds on the norms of N x N matrices; in
practice, this method becomes quickly impractical if N is not small. Still
for the case of finitely many nonzero h,,, a technique that can handle larger
N was proposed by Rioul [28], and Dyn and Levin [14]; it is still the best
available technique for finding the Holder exponent when N is finite. In
general it is easier to compute the Sobolev exponents; these can moreover
be used to find a bound on the Holder exponent, since pu > s1 > so + 1/2.
In the case where m(w) = Y h,e”™™* is a nonnegative trigonometric
polynomial, one even has p = s, which was exploited in one of the first
computations of the regularity of a refinable function in [11] for the special
case hg = 1/2, hyy = 9/32, hys = —1/32, all other h,, = 0, related to
Lagrangian interpolation and later generalized in [12]. When m(w) is not
restricted to be nonnegative, most of the first developments were concen-
trated on the computation of sy = s; see [6], [15], and the appendix in [7].
Extensions to the computation of s, (including p = 1,2) have appeared
in [18], [34], and [20]. With the exception of [20], all the papers above
apply only to N finite. Most of them are also hard to generalize to the
multidimensional case where (1.1) is replaced by

p(x) = |D|Y _ hnp(Dx —n) (1.5)



Using Fredholm determinants 3

where n € Z%, z € R* and D is a d x d matrix with integer entries and all
eigenvalues strictly superior to 1 in absolute value; | D] is the determinant
of D. Examples of the type (1.5) occur in e.g., wavelet bases corresponding
to quincunx subsampling in two dimensions proposed for image processing
in [33], [16], and [21], with explicit orthonormal wavelet bases in [17], [22],
and [4]. As illustrated by the trickiness of the estimates in [4] and especially
in [35], it is not easy to find the regularity in the multidimensional case by
generalizing the approach referred to above, even when only finitely many
h,, are nonzero.

We present here a different technique for computing s, for a refinable
function. This technique is independent of whether the h,, are finite in
number or not (like in [20]) and it generalizes easily to the multidimen-
sional case. Like most of the other approaches, our results hinge on the
computation of the spectral radius of a particular operator (see §3 and §4
below). We introduce a different space on which this operator acts however,
and we use a computation of the Fredholm determinant borrowed from [29]
to compute its spectral radius.

62 A primer on Fredholm determinants

This section presents the results on Fredholm determinants of trace class
operators on Hilbert spaces that will be needed in the sequel. We shall
work in a (generic) separable Hilbert space denoted by #H. Recall that
any bounded operator A on  can be written as A = U(A*A)Y/2 = U|A],
where U is a partial isometry with |[Uz| = ||z|| if € Ran |A|, Uz = 0
if z L Ran |A|. If A is a compact operator, then so is |A[; the spectrum
of |A| then consists of a decreasing sequence of nonnegative eigenvalues.
The strictly positive eigenvalues A, of |A| are the singular values of A. If
©m 1s a corresponding orthonormal system of eigenvectors of |A|, and we
define another orthonormal system ,, by ¢, = Uy,,, then we have the
standard singular value decomposition for A:

Az = AT, Om)Pm - (2.1)

A compact operator A is called trace class if ) A, < oo. This is
equivalent to the requirement that

Z |(Aey, e,)| < 0o for all orthonormal systems {e,} .

n

If A is trace-class, then the sum of the series ) (Aey,,ey) is independent
of the choice of the {e,}, and is called the trace of A:

Tr A= Z(Aen, en) -
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In particular, using the representation (2.1) above, one has

Tr [A] = Z<|A|90m790m> = Z)‘m . (2.2)

m

In [23] it is proved that for any trace-class operator A in a Hilbert space
‘H one has
T A=) oy (2.3)
n

where the «,, are the non-zero eigenvalues of A, taken with their algebraic
multiplicity.

The trace class operators form an ideal in the algebra of bounded
operators: the product of a trace class operator and a bounded operator is
again trace class. Consequently all the powers A™,n > 1, of a trace class
operator are trace class as well. One has

Tr A" =) of . (2.4)
k

Finally, note that

D lal = (Aug,u)] < Al Cury @) [, u)]

k,m

1/2

1/2
<2 (Z |<uk,gom>|2) (Z |<wm,uk>|2> (2.5)
m k k
<Y Amllmll 1mll =D A = Tr |A].

The Fredholm determinant of A is defined as
400
Da(z) =det (I —zA) = [[(1 - zom) (2.6)
n=1
where the a,, occur with their multiplicity. Because Y, |ay,| < +00, D (%)

is an entire function with its zeros exactly at the a; !, with the same

multiplicity. In particular, the spectral radius p4 of A is given by
pa = (min{|zo|; Dalz0) = 0}) " . (2.7)

For sufficiently small values of z ( e.g., for [2| < p3;'), one can rewrite D4 (2)
as follows:

oo oo oo 1
D4(z) = exp Z log(1 — zaw,) | = exp [Z Z —E(zan)m]
— 1
exp _ mX_:l —z ,




Using Fredholm determinants 5t

a formula which already shows that D4 is completely determined by the
traces Tr A™. Expanding the infinite product in (2.6) leads to a different
formula for D4 (z),

400
Da(z) =1+ 2"y, (2.9)
k=1

with

Yk = E ap ... Qq, .

h<la<..<lg

We then have

| —

(Tr|AJ)*. (2.10)

-

k
1
el < 7 (Zlaﬂ) <

l

It follows that we can therefore always write

Da(z) = DY () + RY (2), (2.11)
where DI () is the Taylor series for D4 truncated after the term in 2%,

and
400

RYGI< Y 2 (TelADF Jeft (212)
k=N-+1

We shall use this estimate to find the smallest zero of Da: since DY is a
polynomial, its smallest zero can be found by a host of different numerical
methods, and the control we have via (2.12) on the rest term R will tell
us that the smallest zero of D4 itself cannot be far from that of DfX it N
is sufficiently large (see §5).

In order to identify the zeros of DY we need again a different repre-
sentation; in particular, we are interested in a way of computing the Taylor
coefficients of D4 which does not require knowledge of the eigenvalues «,.
To do this, let us start by restricting ourselves to the disk B (O, pzl). On
this disk, we can write (using a trick going back to Newton)

>kt Dz = Di(2) = 3 (—om) [ (1 - aum2)
k=0 n=1 m=1
m¥#n
o ) o o oo oo .
— DA(Z);l—anz DA(Z)nzlkZ_Oan z
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where the reordering of the sums is allowed because the series converges
absolutely for |z] < (pa)™!, and where we have introduced vy = 1. It
follows that

k
-1 B
M1 = 17 Y T AT (2.13)
m=0

§3 Transfer operators as trace-class operators

The operators to which we shall apply the results in the previous section
act on 27-periodic functions f(w) and are defined by

o= ()1 () ()G ) o

where w is a 27-periodic weight function, for which several concrete choices
will be proposed in §4. We shall say that L, is the transfer operator
associated with the function w; these operators are also called Perron-
Frobenius operators or transition operators in the literature. We shall
always assume that the Fourier coefficients of w decay exponentially; that
is,

w(w) = an e~ (3.2)

and
lwp| < C eIl (3.3)

for some C,y > 0. In terms of the Fourier coefficients f, of f(w) =
> fn €77 (3.1) can also be rewritten as

(Lowf)n = 17r/0 7r(,wa)(w)em“’dw = 2Zw2n—kfk; . (3.4)

2

When no confusion is possible, we shall often drop the subscript w on L.

Operators of the type (3.1) can be studied in many different function
spaces. They have been linked with the study of refinable functions before;
see e.g., [6], [15], [34], [20]. They are special cases of the operators in
[29,30]. In this section we discuss their properties on some Hilbert spaces
of analytic functions.

As candidates for the space H we define

E, = {f 21 —periodic; f(w) = an e g
" (3.5)

and |[fI[% =Y 1fal? M < 00} :
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(Note that these are different from the spaces E* in [20].) The E, are
Hilbert spaces of analytic functions (f € F, can be extended to complex
w = wjy + iwy and is then analytic for |ws| = |Im w| < «); their inner
product is given by

<f7 g>a = angn e2|n|a . (36)
Note that for each «, the constant function 1 is in E,; moreover, for f € E,,
1 27
(Fa=fo=5 [ Swdo. (37)
T Jo
The functions ,
eno(w) = e~ Inle g=inw (3.8)

constitute an orthonormal basis in F,.

In order to be able to apply §2 to £ and F,, we need to verify that £
is a bounded operator on F,, and that L is trace class on F,. We start by
computing ||Lf]|«, using (3.4):

2
62|n|a

ILFIE =D ILh)af? Mo =4

< 4||f||(2xz |wap—gp|? e 2kl 2lnle
n,k

< 4C2||f||iz e~ 2=kl o—2(2y—a)ln|
n,k

> won_kfi
k

where the last inequality used (3.3) and |2n — k| > 2|n| — |k|. It follows
that £ is a bounded operator on E,, if v < a < 2y. We can use the same
estimate to bound the matrix elements of £ with respect to the orthonormal
basis (3.8):

|(Lek,asn,a)al = [2wWan—k elnle e_|k|0‘| < 20 e~ (@Il o=@y=a)ln| (3.9)

This implies that £ is trace class on F, if v < o < 2. Since L is trace
class, it has a representation of type (2.1) with > A, < oo; in fact, we
have

Z | < Tr |£] < 2C (Z e—(a—7)|k|> (Z e—(27—a)|n|> . (3.10)
n kEZ neZ

We shall need this bound in order to control the rest term when we try to
locate the smallest zero of the Fredholm determinant after truncation.
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We are therefore in a position to apply the results of §2 to £ on F,;
in the next section we shall see how this will then help to determine s,. In
order to be of practical use, we will need to be able to compute the Taylor
coefficients of the Fredholm determinant D, explicitly, and for this, we will
need the traces Tr £™. As a warmup, let us compute Tr L itself. We have

Tr £ = Z (Len,as€na)a = Z(ﬁen a)n elnle
—Z emin), Z/ ¢ (Lo (00 dow

To compute integrals of this type, we shall use the following standard
lemma, which crops up in any study using these operators (see e.g., [2],
[15], [34], [18]).

Lemma 3.1 Let w be a 2w-periodic function, and let L be defined as in
(3.1). Then, for any k > 0 and any f, g 2m-periodic functions, we have

(3.11)

k

[ reete = [ f ) [H ta w] (2 )

k-1

= ok f2’“ [H (2™w ] w)dw
Applying this to (3.11), we find

Tr L= Z / 2w (w)e ™ dw = 2an = 2w(0) .

Similarly, we can compute, for any k£ > 1,

Tr £F = Z(Cke_m')n = 2i Z/ e (Lrem™ ) (w)dw
0 -7

n

k—1
1 " 7 k_ nw m
= 2k E %/ e (27 -1) [l | w(2 w)] dw = 2k E (Wk)(zk—l)n )
n —T m=0 n

(3.13)
where the 27-periodic function Wy, is defined by
k—1
Wi(w) = [] w@™w) |
m=0

and where its Fourier coefficients are denoted by (W), as usual. Sums of
the type (3.13) can be computed by means of the following lemma, which
is essentially a version of the Poisson summation formula.
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Lemma 3.2 Let f be a 2w-periodic function, and f,, its Fourier coefficients.
Assume that ) |fn| < co. Then, for any ¢ > 1,

i <2W—m> =0 fon - (3.14)

This can then be used to give an explicit formula for Tr £¥. The
following theorem summarizes the findings of this section so far.

Theorem 3.3 Let w(w) be a 2m-periodic function with Fourier coefficients
satisfying (3.3). Define L to be the corresponding transfer operator, as in
(3.1), and let E,, be the Hilbert spaces defined by (3.5). If v < a < 27,
then L is a trace class operator on E,. The spectrum of L does not depend
on the choice of « in ]7y,2v[, and for any k > 1, the traces Tr L* are given
by the explicit formula

) 2k gk—2
Tr L :2k_12

m=0

At 2mm
¢
Hw<2 Qk_1>] : (3.15)
£=0

These results can be generalized to the multidimensional case. We
replace then (3.1) by, for w € [—7, 7]4,

|det D|—1

(LHw)= > wDlw+§)f(DT'w+E)), (3.16)

§=0

where D is a d X d matrix with integer entries and all its eigenvalues strictly
larger than 1 in absolute value, and where f, w are functions in d variables,
2m-periodic in each (i.e., they are functions on the torus Td); the £; are
defined by &¢; = D~1(;, where the (; are distinct elements in 27er/DZd,
so that D™ 'w + &, are exactly the |det D| distinct pre-images of w under
the map D. Note that (3.16) can also be rewritten as

(Lf)n = |det DI wpn—ifr , (3.17)
k

where f, again denotes the k-th Fourier coefficient of f; the summation
index k£ now ranges over Z?. As before, we shall assume

jwy,| < C eI (3.18)
with |n| = [n? + -+ 4+ n2]}/2; the space E, is then defined by

E,, = { f function on [0, 27]% ||f]|2 = Z |fnl? 2o < o0 b (3.19)
ncZd

One then has the following generalization of Theorem 3.3:
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Theorem 3.4 Let D be a d X d matrix with integer entries and with all
its eigenvalues strictly larger than 1 in absolute value. Define the spaces
E, and the operator L as in (3.17)—(3.19). Then L is trace class on E,, if
v < a < rpvy, where rp = min{|A|; A is eigenvalue of D} > 1, and the
spectrum of L on E,, does not depend on «.

Define now, for any k > 1, the set F}, by

Fp={nec]—mn[% DFy—nec2rZ?}; (3.20)

this set has exactly |det (D* — Id)| elements, which are the fixed points
in T of D¥. Then the traces Tr L£* are given by the following explicit

formula:
k_ |det DI¥ o
Tr £ = Tdet, (DF — 1), WEEF mlzlow (D . (3.21)

§4 Regularity estimates using the spectral radius of £

In this section, we discuss the relation between the Sobolev regularity of
a refinable function and the spectral radius, in the previously described
function spaces, of certain transfer operators that are associated to this
function. More precisely, we shall see that the study of these operators
leads to an exact estimate of the LP-Sobolev exponents s, defined in the
introduction.

Let () be an L' solution of the refinement equation (1.1). We assume
that the coefficients h,, are summable, and that ¢ is normalized in the sense
that [ ¢ = 1. By integrating on both sides of (1.1), we obtain

D =1 (4.1)

Define the continuous function m(w) = > hn,e™*™. In all that follows,
we shall assume that m(w) can be put in the factorized form

m(w) = cos™ (w/2)q(w) , (4.2)

where N is a strictly positive integer and ¢(w) is a 2w-periodic function
whose Fourier coefficients c¢,, satisfy a geometric decay estimate,

lcn| < Ce™P™ . (4.3)

We shall often also impose that g(w) does not vanish on [0, 27].
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Consequently, m(w) is a smooth 27-periodic function and (4.1) implies
that m(0) = 1. By applying the Fourier transform to (1.1), one obtains

p(w) =m(w/2)p(w/2) (4.4)
and by iteration ¢(w) can be written as the pointwise convergent infinite
product

+o0o
p(w) = [ m2*w) . (4.5)
k=1

Note that the infinite product formula (4.5) shows that the function
¢ is the limit of a stationary subdivision scheme. A necessary condition
for the existence of a non-trivial limit is m(0) = 1, i.e., (4.1). Formula
(4.5) only indicates, however, that this scheme converges “weakly”, i.e., in
the sense of tempered distributions. The limit ¢ itself may be a tempered
distribution without any regularity. More hypotheses are necessary to en-
sure convergence of the subdivision scheme to a continuous or more regular
limit function. In particular, it has been proved by Dyn and Levin [14] that
the limit function can be continuous only if m(7) = 0. This justifies the
factorization of m(w) expressed in (4.2). Additionally, strong convergence
of the subdivision scheme can hold only if there exists a compact set K,
congruent to [—m, w] modulo 27 (i.e., |K| = 27, and for any w € [—7, 7]
there exists w’ € K so that w —w’ € 27Z), containing a neighborhood of 0,
such that inf;>1 wex [m(277w)| > 0. (See [2].) When this holds, we shall
say that m is of type C.

The next lemma gives the decay of the Fourier coefficients of |g(w)|?.
Its proof is trivial.

Lemma 4.1 The Fourier coefficients {d,, }ncz of |q(w)|? satisfy the estimate
\d,| < C e Plinl (4.6)

From the results of the previous section, we thus know that the transfer
operators associated to the functions |q(w)|? are trace class on E,, for any
o € 18,28

The operator L2 will be used to estimate the regularity of ¢. In
our proofs we shall use that L,2 is a positive operator, in the sense that
(Ligpf)(w) = 0 for all w € [—m, 7] if f(w) > 0 for all w € [—7,7]. Such
operators have special spectral properties; see e.g., [31] or [32]. To see
how the general theorems on positive operators apply here, we first need to
establish some facts about E,. Define E = {f € E,; f(w) >0 for w €
[—m,m]}. This is a cone in E,, which contains in particular all the positive
trigonometric polynomials. It follows that the closed linear span of E
equals F,, or in the terminology of Schaeffer [31], F, is an ordered Banach
space with total positive cone. It then already follows from the Krein-
Rutman theorem (see e.g., [31], p. 265) that
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Lemma 4.2 The spectral radius r of Lq2 in E, is an eigenvalue for L4
and there exists a positive eigenfunction for this eigenvalue.

(The statement of the Krein-Rutman theorem in [31] is for real ordered
Banach spaces, but since F, can easily be seen to be the complexification
of {f € Fy; f(w) € R for all w € [—m, 7]}, the theorem still applies.)

More restrictions on the spectrum of L4z can be derived if g satisfies
extra conditions. We shall need the following lemmas, the proof of which
we omit here.

Lemma 4.3 Let w(w) be a 2m-periodic function satisfying (3.3). Assume
furthermore that w(w) > 0 for all w € [—m, 7], w(0) = 1, w(w) # 0, and
that w is of type C. Then, for all f € E, (with v < a < 27v) with f > 0
and for all w € [—m, 7|, there exists n > 1 such that (L}, f)(w) > 0.

Lemma 4.4 Let m,q be as in (4.2), (4.3), with q(0) = 1, g(m) # 0. Assume
moreover that m is of type C. Then r, the spectral radius of L2 on
E., B < a < 28, is an eigenvalue of algebraic multiplicity 1, and the
corresponding eigenfunction is strictly positive. Moreover, r > 1.

The proof uses Lemma 4.3, which implies, in the terminology of Schae-
fer [31], that Lq> is irreducible. It then follows from Theorem 3.3 in the
Appendix of [31] that the algebraic multiplicity of r is 1 and that the asso-
ciated eigenfunction is strictly positive; this can then be used to show that
r> 1.

Using techniques from Hervé [20], one can also prove the following
useful lemma:

Lemma 4.5 Let m,q be as in Lemma 4.4. Then r is the only eigenvalue
of Lq2 in the peripheral spectrum, i.e., all the other eigenvalues \ satisfy
Al <.

We are now ready to state the result that links the regularity of ¢ with
the spectral properties of transfer operators.

Theorem 4.6 Assume that m(w), q(w) satisfy the same conditions as in
Lemma 4.4. Let r be the spectral radius of the operator Lq2 on E, for
any « € |3,20[. Then the Sobolev exponent s of ¢ satisfies

s=N — %logz(r) . (4.7)

Proof: See [5]. W

Note that similar theorems can be proved for LP-Sobolev exponents
$p, With p # 2, possibly under stronger conditions on m, g; see [5].
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65 Numerical precision

Combining the results of the previous sections, we immediately obtain

Theorem 5.1 For a function ¢ as defined by (4.5), with m(w), q(w) sat-
isfying the conditions in Lemma 4.4, the Sobolev exponent of ¢ can be
expressed as s = N — 1logy(r), where (r)™' = z is the zero of small-
est absolute value of the Fredholm determinant d(z) of the operator Lq
associated to the weight function w(w) = |q(w)|?.

Formulas (2.9), (2.13), and (3.15) give us an explicit expression for
the Taylor series of the analytic function d(z). In practice, to estimate
x numerically, we are obliged to truncate this series and work with the
polynomials that are obtained from the first order terms. In order to have
an idea how precise our estimate is for = after this truncation, we need to
measure how well z is approximated by the smallest zero of the truncated
series at a given order. In Cohen and Daubechies [5], such precise estimates
are obtained by applying Rouché’s theorem. Other techniques can be used
as well. In all cases, it is crucial that we can control the tail RY () as in
(2.12).

Note that because of Lemma 4.5, one can write a simpler formula for
r, namely

r= lim | Tr Efq|2|1/" .
n— oo
This avoids the search for zeros of the Fredholm determinant altogether.
In this case, however, one has no control over the error, and because L2
is a non-selfadjoint operator, with complex eigenvalues, the behavior of
| Tr L7 |1/7, as a function of n, can be very deceptive. See [5] for a more
extensive discussion, with examples.

§6 Applications

All our examples are motivated by wavelet constructions; we take the re-
finable function ¢ to be either the orthonormal scaling function in a mul-
tiresolution analysis, or the autocorrelation function of a scaling function.
We start by recalling some pertinent definitions.
The refinable function () is said to be cardinal interpolant if it sat-
isfies the condition
o(k) = Gos, KEZ; (6.1)

it is called orthonormal if

/(p(a: k) oo —0) dv=py K LET. (6.2)
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These properties correspond to special constraints on m(w): (6.1) implies
m(w)+m(w+m)=1, (6.3)

whereas (6.2) can hold only if
m(w)]* + jm(w + )P =1. (6.4)

The conditions (6.3) or (6.4) are necessary for (6.1) or (6.2) to hold, but
not sufficient. Under additional technical conditions that ensure uniform
convergence of the subdivision algorithm in the first case, or L?-convergence
in the second case, (6.3) implies (6.1) and (6.4) implies (6.2). (For a detailed
discussion, see Chapter 6 in [8].)

It is clear that cardinal interpolation and orthonormality are linked:
if ¢ is an orthonormal refinable function, then its autocorrelation function
®(z) = [¢(y) ¢(x —y) dy is interpolating; the corresponding functions
mg and me are related by me = |m¢|2. In fact, compactly supported
wavelets are usually constructed by first identifying a suitable positive mg
and then constructing mgy so that |mg|?> = me. It is then obvious that the
LP-Sobolev exponents of ¢ and ® are related by

sp(P) = 2s2,(0) . (6.5)

In particular, using the definitions (1.2) and (1.3), we find

u(®) = 51(P) = 2s2(¢) = 2s(¢) , (6.6)

where the first equality is a consequence of ®(w) > 0 for all w € R.

In the first subsection below we concentrate on families of examples
where mg is a positive trigonometric polynomial of the form Pg(cosw),
so that @ is real, symmetric and compactly supported. By Riesz’ spectral
factorization lemma, we can then find a trigonometric polynomial mg, with
real coefficients, so that |mg|? = me. The corresponding refinable functions
¢ are then compactly supported scaling functions from which compactly
supported wavelets can be constructed; see [8]. In the second subsection
we consider examples where Pg(cosw) is no longer a trigonometric poly-
nomial, but the quotient of two such polynomials. The third subsection of
examples looks at some two-dimensional examples m (w1, w2) which cannot
be written as products mj(wy)ma(w2) of one-dimensional functions, with
matrix dilations. Finally, in the fourth subsection we use the results of the
previous subsections to deal with a problem on spline wavelet bases.



Using Fredholm determinants 15

6.1 Interpolating and orthonormal scaling functions with compact support

The minimal degree solution to (6.3) and the factorization requirement
(4.2) is given by

w N TN =145\ /. w\
my(w) = (cos 5) j <s1n 5) :

§=0

(We are interested in factoring out only even powers of cos & because we
want my(w) = Py(cosw).) In this case q(w) is clearly strictly positive for
all w € [0, 2], so that we can apply our theorems for all values p > 1. The
corresponding functions @y, ¢n have been studied extensively (see e.g.,
[8] for many references). We have computed the LP-Sobolev exponents of
these functions for different values of N. Table 1 shows the s,(¢n) for
p=1,2,4,8 N=1,...,19.

Table 1.
LP-Sobolev exponents of o, p=1,2,4,8 N =1,...,19 (Polynomial).

N\p 1 2 4 8
1 | —0.322289 0.338856 0.669428 0.834714
2 0.521293  0.999820 1.220150 1.310014
3 0.979675 1.414947 1.587361 1.631686
4 1.391644 1775305 1.896446 1.912144
5 1767934 2.096541  2.171522  2.174682
6 2.116733  2.388060 2.430780  2.431755
7 2.441544  2.658569  2.680780  2.680307
8 2.746639  2.914556  2.926425  2.925926
9 3.035292 3.161380 3.166924  3.165533
10 3.309107  3.402546 3.405193  3.405141
11 3.572141  3.639569 3.641221  3.638529
12 3.825525 3.873991 3.874236  3.871917
13 4.071021  4.105802 4.105736  4.105305
14 4.311641  4.336042  4.336476  4.335502
15 4.547368  4.564708  4.564925  4.562449
16 4780028  4.792323  4.792608  4.792645
17 5010231  5.018884 5.018754  5.016283
18 5.238588  5.244390 5.244127  5.243230
19 5464480 5.468841 5.468728  5.466868

An interesting observation is that s,(¢n) becomes independent of p
as N goes to +o0o. This reflects the fact that pn has a lacunary structure
in the Fourier domain and that this phenomenon grows with n. More pre-
cisely, if the Fourier transform of a function ¢ decays uniformly at infinity
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in the sense that C1(1 + |w|)™® < |@p(w)] < Cx(1 + |w|)™%, then the ex-

ponents s,(¢) = o — ;1) are related by s, — s, = é - ;1). This is true here

only for N = 1 (which corresponds to the box function ¢, (z) = x[0,17(2));
o1(w) = 1_187_“) decays uniformly in |w|™!, up to the oscillation of the
numerator. For larger IV, the lacunary structure takes over. As shown in
Volkmer [36] and Cohen and Conze [3], the worst decay occurs at the points
wj = 27 (%’r), 7 > 0. A possible explanation for our observation could be
that the LP norm of ¢ concentrates at these points, as N grows.

We thus conjecture that for all p,q > 0, imn_, 4 |$p(0n) —3¢(oN)| =
0. If this is true, then we have in particular limy_ 4o [s(on) — u(en)| =0
since s1(pn) < p(pn) < s(en) = s2(9n)-

For large values of N, our method allows us to observe the asymptotic
behavior of u(pn).

It was proved by Volkmer [36] that limy_, 1 oo % = limy_ 100 S(LNN)

=1- IOgT23 ~ 0.2075. The values of s3(¢n) = s2(IN) presented in Table

1 show in addition that so(IN) — (1 - bgT??’) N stays bounded by 3 for
N < 100.

6.2 Interpolating and orthonormal scaling functions with infinite support

We now turn to the solutions of (6.3) that have the factorized form (4.2) but
are not necessarily trigonometric polynomials. We shall look for solutions
of the type

m(w) = cos*N (%) R(cosw) , (6.7)

where R(z) = % is a rational function that is strictly positive on [—1, 1].

Under this hypothesis we know that we can apply our method to estimate
the LP-Sobolev exponent s, of the associated scaling function since the
Fourier coefficients of |R(z)|P have exponential decay. Note that the scal-
ing function ¢ is not compactly supported but typically still has exponen-
tial decay at infinity (some restrictions on R, always satisfied in practical
examples, are needed to ensure this).

The choice of a rational function is still useful in the applications where
one has to perform discrete convolutions with the Fourier coefficients of
m(w): although they are not finite in number, these convolutions can be
implemented in a fast recursive way, the complexity being roughly 2S5 x
[deg(P) + deg(Q) + N| where S is the size of the input data.

The simplest rational solution of (6.3) of the form (6.7) is given by the
family

my(w) = cos®™ (%) Ry (cosw) (6.8)
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with Ry(cosw) = [cos? (%) + sin®V (%)]_1 These solutions are well
known in signal processing as the transfer functions of the so-called “But-
terworth filters” (see [27] for a detailed review).

As in the previous section, we give the estimate of s, for the orthonor-
mal scaling functions pn, 1 < N < 20 and p = 1,2,4,8. It is interesting
to see that these exponents remain substantially different as N grows: the
lacunary behavior does not prevail as much as in the compactly supported
case.

For large values of N, we have examined the evolution of s(pn) =
s(IN) (see Table 2). It reveals a linear asymptotic behavior, similar to the
compactly supported case.

Note that the limit ratio L]]\;]) ~ .8 seems to indicate that the worst

decay of ¢ (w) occurs at the points w; = 27 (2F). Indeed, we have

/2
= Clws|™ (6.9)

o (wj)| =

) (3)

with ry = %log2 (RN (%)) — 1. From the definition of Ry, we obtain

) ry 1 -
lim S =~ log, 3~ —0.7925 (6.10)

which seems to coincide with the experimental asymptotic ratio.

The Butterworth functions Ry (cosw) correspond to a choice with
P(z) = 1, R(z) = ﬁ, which makes them in some sense opposites to
the polynomial solutions of the previous subsection, for which Q(z) = 1,
R(z) = P(z). Recently, intermediate solutions that are equally balanced
between the numerator and the denominator were proposed by Herley and
Vetterli [19]. Cohen and Daubechies [5] contains tables for their s,(NV) as
a function of N.

Table 2.

LP-Sobolev exponents of oy, p=1,2,4,8, N =1,...,19 (Butterworth).
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N\p 1 2 4 8
1 | —0.322280  0.338856  0.669428  0.834714
2 0.677350  1.256211  1.495117  1.604344
3 1.561362  2.044109  2.269688  2.365870
4 2.370365  2.843768  3.059757  3.148599
5 3.183800  3.648646  3.857332  3.940563
6 3.099055  4.456118  4.658210  4.735925
7 4.815040  5.264533  5.460184  5.532265
8 5.630616  6.072947  6.262157  6.328326
9 6.446191  6.881125  7.063818  7.123827
10 7.260947  7.688598  7.864696  7.918627
11 8.075202  8.495600  8.664948  8.712863
12 8.888817  9.301804  9.464414  9.506534
13 9.701520  10.107480 10.263251  10.299921
14 | 10.513813 10.912358 11.061142 11.093166
15 | 11.325284 11.716526 11.858558  11.885986
16 | 12.135933 12.519984 12.655184  12.678805
17 | 12946170 13.322968 13.451333  13.471625
18 | 13.755996  14.125241 14.247006  14.264159
19 | 14.564999  14.927039  15.042202  15.056836

6.3 Nonseparable bidimensional scaling functions

The simplest way to generate multivariate scaling functions is to use the
tensor product, i.e., to define

O(x1,...,2n) = @1(x1) - pnlTn) , (6.11)

where 1, ..., , are univariate refinable functions. Note that if the uni-
variate functions are cardinal interpolant or orthonormal, then the same
property holds for ®. The analysis of the regularity of ® then follows
directly from the univariate analysis on the ¢;’s.

One of the simplest—yet instructive—situations where non-separable
scaling functions are unavoidable corresponds to the choice

o= (40)

for the dilation matrix. In that case the interpolatory condition has the
following formulation:

(6.12)

M (wy,we) + M (w1 + mywe +m) =1. (6.13)
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One can use the univariate functions my (w), defined in the first subsection,
to derive a solution of (6.13) as follows:

My (w1, ws) = [C(w1,w2)]NNz_:l <N i +j> [s(wr,w2))

J

(6.14)

=0

1 9 (W1 9 [ W2

c(wi,ws) = 5 (cos <7> + cos <7>>
and s(wy,ws) = % <sin2 (%) + sin? (%)) :
We denote by ®xn the nonseparable cardinal interpolant functions associ-
ated to Mpy. Note however that the Riesz factorization lemma does not
generalize in n dimensions, n > 1, so that it is not possible to derive com-
pactly supported orthonormal scaling functions from these ®5. Using the
preliminary results of example 3.8, we can compute the Holder exponents
p(®n) = s1(Pn) as well as s,(Pn) for p = 2,4,8. We display their values,
for N =1,...,19 in Table 3 below. As in the univariate case, this table re-
veals the increasingly lacunary structure of the functions ®y in the Fourier
domain.

where

Table 3.

LP-Sobolev exponent of ®,,, p=1,2,4,8 N=1,...,19.

N\p 1 2 4 8
1 0.611268  1.575915  1.939386  1.981617
2 2.285413  3.249338  3.684182  3.862247
3 3.881443  4.778977  5.146044  5.274342
4 5.305644  6.199651  6.487579  6.582461
5 6.841235  7.549708  7.780608  7.868502
6 8.233367  8.854675  9.054724  9.141341
7 9.584611 10.132740 10.318169  10.404515
8 | 10.904434 11.395230 11.573954  11.660232
9 | 12.200067 12.648141 12.823734  12.909992
10 | 13.477248 13.894538  14.068620 14.154872
11 | 14.740529 15.136095 15.309421  15.395672
12 | 15.993417 16.373816 16.546755 16.633005
13 | 17.238515 17.608370 17.781105 17.867355
14 | 18.477713 18.840232 19.012859  19.099109
15 | 19.712362 20.069763 20.242333  20.328582
16 | 20.943434 21.297249 21.469787  21.556036
17 | 22171630 22.522919  22.695440  22.781690
18 | 23.397462 23.746966 23.919477  24.005727
19 | 24.621314  24.969550  25.142055  25.228305
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6.4 A problem on spline wavelet bases

Spline wavelets are generated by a function v that is piecewise polynomial
(of a fixed degree d) on each integral [k/2, (k+1)/2[, k € Z. Such a wavelet
is given by

Y(@) =Y gnp(2n—n) (6.15)

neZ

where ¢ = X[0,1]* X[0,1] " * - * X[0,1] (d+1 times) is the box spline of degree d,
and g,, is an oscillating #2 sequence, i.e., > n9n = 0. All the examples of
known spline wavelet bases (orthonormal, semi-orthonormal, biorthogonal)
are of this form, with particular g,,.

One can then ask the following question: given an arbitrary oscillating
sequence ¢y, when does the corresponding combination (6.15) of box-splines
generate a (Riesz) wavelet basis {1 1} kez? In particular, we have in mind
very simple sequences such as gg = 1,91 = —1orgyg = —1,91 =2, go = —1,
etc.

First, note that 1 can be written in the Fourier domain as

o —m (2)o(2). 629

where my(w) = > gne™ ™. Moreover, we have
400
p(w) = [[ mo(2*w) , (6.17)
k=1

where mg(w) = (%) . In the case of biorthogonal wavelets, m1(w) is

equal to e mg(w + m), where mg generates the dual scaling function @
in the sense that

S

+oo
(w) = [ mo(27*w) . (6.18)

The biorthogonality constraint is expressed by the equation

mo(w) mo(w) + mo(w +m) mo(w+7) =1, (6.19)
or, equivalently,
e mo(w)my(w + 1) — mo(w + m)my (w)] =1 . (6.20)

It is clear that equation (6.20) is a strong restriction on m;. Given a
solution of (6.20), one can however construct other m; that still give rise
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to Riesz bases v 1. It suffices to take m(w) = m(2w)M;(w) where M; (w)
satisfies equation (6.20) and m(w) is a 2m-periodic function such that

0<c<|mw)|<C<oo ae weR. (6.21)

This corresponds to the choice

W W

bw) =mMi (5) ¢ (35) - (6.22)

We can then define ¥ by ¥(w) = M (%) ¢ (%), and use the biorthogonal
theory to study if {¥; 1}, ez is a Riesz basis of L?(IR). If this is the case,
then the same clearly holds for {t; 1} rez. Note that m(w) and M;(w) are
completely determined from mq(w) since we have My (w) = my(w)/m(2w)

and thus, by (6.20),
m(2w) = e™[mo(w)my(w + ) — mo(w + T)m1(w)] . (6.23)

The system {; 1 } j kez will thus constitute a Riesz basis if the two following
conditions are satisfied:
(i) the function m(w) defined by (6.23) is bounded below and above by
strictly positive constants.
(ii) {¥;k}jrez is a Riesz basis. A necessary and sufficient condition for
this to hold was given in [4]. In our context, this results in the following

Theorem 6.1 Let My(w) = —e “M(w+n) and M(w) =
|My(w) |2/ cos? (£). Assume that the Fourier coefficients of M satisfy the
decay condition (3.3). Define L as the transition operator associated to
M (w) and denote by p its spectral radius on a space E,, for any a € |y, 27].
Then {V, 1} kez constitutes a Riesz basis of L>(R) if and only if p < 4.

Note that, according to our results, this condition means that the L2-
Sobolev exponent of the scaling function ® associated to My is strictly
positive.

Since we have )

| Mo(w)|* = —'Trﬁ%z)@)' : (6.24)
the function M (w) is not a trigonometric polynomial in general, even when
{gn} is a finite sequence. This made this application inaccessible to earlier
methods that could only deal with finite masks.

An immediate application concerns the case of linear splines, i.e.,
o(z) = sup {0,1—|z|}. In that case, we can propose three simple wavelets
corresponding to different choices for the g, coefficients:

o Ya(z) = (27) — (27 — 1)
o Py(x) =2¢(22) — (22 — 1) — p(2z + 1)
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o o) = 20(20 — 1) — p(20) — p(20 — 2)

One can easily check that for 1, the associated function m(w) vanishes at
some point. It is also easy to check that this implies that Span {(z —
k)}kez cannot complement in a stable manner the space V; into V;.

In the cases of 1, and ., the associated function m(w) does not
vanish, so that we can further investigate the associated functions M (w).

For ,, we find

16

~ 10+ 6cosw
and our method shows that p > 4. For . we find

M (w) = cos? (%) (Ly , (6.26)

3 + cosw

M (w) (6.25)

and in that case p < 4.
Conclusion: From the three functions above, only . generates a
Riesz wavelet basis.
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