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1. INTRODUCTION

In this paper we shall discuss the smoothness of refinable function vectors. These
are solutions to functional equations of the type

o) =S P, p(2x—n), (L.1)

n=0

where the “coefficients” P, are r x r matrices (r € N, r > 1), and where ¢ :=
(do, ..., Pr 1) is an r—dimensional function vector. Equations of type (1.1) are
natural generalizations of the refinement equations studied in e.g. Cavaretta, Dah-
men, and Micchelli (1991), where r = 1; therefore we shall call them refinement
equations as well, or occasionally vector refinement equations.

Vector refinement equations have come up in several papers. The oldest example
is probably the multiwavelet construction by Alpert and Rokhlin (1991) (see also
Alpert (1993)), where the ¢, are all supported on [0, 1] and are polynomials of de-
gree r — 1 on their support. In this example the smoothness of the ¢, is of course
known; equation (1.1) is useful as a computational tool in going from one multires-
olution level to the next. Matrix generalizations of type (1.1) were also discussed in
more generality in Goodman, Lee, and Tang (1993) and Goodman and Lee (1994),
including how to define wavelets once the scaling functions were known. However,
it was not clear how to construct smooth non-polynomial examples, let alone how
to connect smoothness with properties of the P,,. This was in marked contrast with
the case r = 1, where the link between smoothness of ¢ and properties of the P,
or of the refinement mask

P(u) = % S P, (1.2)
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is well understood, and where this connection can be exploited to construct ¢ with
arbitrary pre—assigned smoothness as well as many other properties (see Daubechies
(1992)). Donovan, Geronimo, Hardin, and Massopust (1994) (hereafter referred to
as DGHM) were the first to construct continuous non-polynomial refinable function
vectors. They gave examples of special bases of selfsimilar wavelets, generated by
continuous scaling functions that satisfy an equation of type (1.1). In their pa-
per, the iterated function technique used in the construction was the key to derive
smoothness, rather than properties of the P,. This first example triggered several
other constructions (e.g. Strang and Strela (1994)), as well as work on the filter
bank implications of (1.1) (Vetterli and Strang (1994), Heller et al. (1994)) and a
systematic study of the approximation order of solutions of (1.1) (Heil, Strang, and
Strela (1994), Plonka (1995)). This last work contains the key to understanding
how solutions of (1.1) can be smooth.

As shown in Plonka (1995), the space spanned by the functions ¢,(x —n) (n € N)
can only have approximation order m if P(u) has certain particular factorization
properties. (We assume that the ¢,(x — n) are also L?>-stable.) This is reminiscent
of the case r = 1, where similarly L?-stable translates of a refinable function ¢
can only provide approximation order m if the refinement mask, often denoted by
mo(u), can be factored as

i) = (22) (13)

where ¢(0) = 1, ¢ is 2r—periodic and non-singular for v = 7. By iterating the

formula X N
ot =m (3) 4 (3)

which is obtained by Fourier transformation from (1.1), and exploiting the factor-
ization (1.3), one then finds

[B(u)| = IHmo(Q’j w)| <O (1 + uf) ™ H a2 u)l

where the infinite products converge uniformly on compact sets if mq or, equivalently,
q is Holder continuous in u = 0. Together with estimates of the type sup,|¢(u)| < B
or, more generally, sup,|q(271u) ¢(2¥=2u) ... q(u)| < B* for some k € N\ {0}, this
leads to

[P(u)] < C (1 + Ju])7mHoe? (1.4)

(see e.g. Daubechies (1988, 1992)). The factorization (1.3), together with estimates
on the quotient g(u), therefore leads to decay for é, and hence to smoothness es-
timates for ¢. By using more sophisticated methods involving transfer operators,
one can refine the brute force estimates (1.4) and formulate necessary and sufficient

conditions on ¢(u) ensuring that ¢ lies in some Sobolev space W* (see Conze and
Raugi (1990), Cohen and Conze (1992), Villemoes (1994), Eirola (1992), Gripenberg
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(1993), Hervé (1994), Cohen and Daubechies (1994)). Here again, the factorization
(1.3) is a key ingredient.

In this paper, we shall see that the factorization for the matrix P(u) discovered by
Plonka (1995) for the case r > 1, can play a similar role, although the discussion is
more intricate.
We shall assume that the ¢,(x —n), v =0,...,7 — 1, n € Z form a Riesz basis for
their closed linear span Vj, and that they provide approximation order m, i.e., for
f € W™ one has

|7~ Projy, Fllix < €277 [

where Vj is the scaled space
V= {g € L*(R); g(277") € Vo }.

Then, it is shown in Plonka (1995) that there exist r xr matrices Cy(u), ..., Cyp,_1(u)
(constructed explicitly in Plonka (1995); see also below) such that P(u), defined in
(1.2), factors as

1
P(u) = om Co(2u) ... C 1 (2u) P™ (u) Cpuy(u) ™' ... Co(u) ™, (1.5)
where P™ (v) is well-defined. By Fourier transform of (1.1) we obtain
5 u\ A (U
o) =P (5) 6 (5) (1.6)

This can be iterated again, and we find

s =P(5) P(5) - Pl3)o(5) ()
Substituting (1.5) in (1.7) leads to

~

du) = 2™ Cyu)...Coy(u)P™ (g) " (2%) (1.8)
u\ ! u\-1l - /u
<ot (0) €)@ (5)
Even at this stage, the case r > 1 is more complicated than » = 1. The matrices
P(277u) or P (277u) do not commute, and the discussion of the convergence of

an infinite product definition for ¢(u) is therefore more complex.
Hervé (1994) studied the convergence of the matrices IT, (u)

u u u
I, ::P(—)P(—)...P(—), 1.
w=p () p(Y). (L (1.9
as n — 00, and showed that convergence is assured ife.g. P(0) = diag(1, pt1, ..., ftr_1),
with || < 1 for I = 1,...,7 — 1, or if P(0) is similar to such a matrix, i.e.,
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P(0) = M diag(1, jty, ..., pty—1) M for some non-singular M. This already ex-
cludes the case where P(0) is not diagonalizable. Moreover, our matrices P (0)
may well have a spectral radius larger than 1, so that Hervé’s results cannot be
used for the products P™ (u/2)... P™(27"u) in (1.7). Heil and Colella (1994)
discuss not only the convergence of IT,(u) (with results similar to Hervé (1994))
but also the convergence of IT, (u)v, where v is a fixed r—dimensional vector. If v
is an eigenvector of P(0) with eigenvalue 1, then IT,(u) v may converge even if the
spectral radius py of P(0) is > 1; Heil and Colella call this constrained convergence.
They prove constrained convergence if py < 2 and if the largest eigenvalue of P(0)
is nondegenerate. We use a different technique that proves convergence of IT, (u) v
if po < 2, without non—degeneracy condition, and that extends to some cases where
po > 2, if P(u) is Holder continuous in v = 0 with Ho6lder exponent > 1. Once
convergence of (1.7) or (1.8) is established, we can proceed to the main topic of this
paper, namely how the factorization (1.5), together with estimates on pm (u) can
lead to decay of |¢,(u)| (v = 0,...,r — 1) as |u| — co. As in the case r = 1, this
can be exploited to prove L?-convergence and pointwise convergence theorems (in
the “z—domain”) similar to those in Daubechies (1988).

This paper is organized as follows. In section 2, we recall the precise results on the
factorization of P(u) obtained in Plonka (1995). We also show that this factorization
is necessary in order to obtain smooth functions ¢y, ..., ¢,_1. In section 3, we discuss
the pointwise convergence of IT,(u) a, as n — oo, for a fixed vector a. In section 4,
we exploit the factorization (1.5) to prove, under certain additional conditions, that
lim,, o I, (u) @ decays, as a function of u, for |u| — co. Section 5 gives a short
uniqueness discussion: the previous sections have constructed an infinite product
solution for (1.6); if this has sufficient decay, then its inverse Fourier transform gives
a solution to (1.1). Theorem 5.1 shows that, under certain conditions on the mask,
this solution is unique in a wide class of functions. In section 6 we show how the
decay proved in section 4 can be used to translate the pointwise convergence of
I1,(u)a to L?— and L'-convergence, which give then L?— and pointwise convergence
in the “z—domain.” Finally, section 7 studies several examples; we apply our analysis
to see how the (known) smoothness of spline examples and of the DGHM scaling
functions can be recovered, and we construct some new examples with controlled
smoothness.

2. FACTORIZATION OF THE REFINEMENT MASK

We want to recall some results of Plonka (1995). We start by some definitions. Let
r € N be fixed, and let y € R" be a vector of length r with y # 0. Here and in the
following, 0 denotes the zero vector of length r. We suppose that y is of the form

y= (Y0, ¥ 1,0,...,0)" (2.1)

with 1 <[ < randy, # 0 for v = 0,...,1 — 1. Introducing the direct sum of
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quadratic matrices A ® B := diag(A, B), we define the matrix C'y by
Cy(u) = éy(u) D I,n,l, (22)

where I, ; is the (r — ) x (r —[) unit matrix. If [ > 1, then C’y(u) is defined by

vyt —yo 0 . 0
0 yit -t :
Cy(u) == : ) ; (2.3)
0 Yy Y
—e/ya 0 R (I

if I =1, ie. if y := (1,0,...,0)T with yo # 0, then éy(u) is the scalar
(1 —e ™)/yo, so that Cy(u) is a diagonal matrix of the form

1— —iu
Cy(u) := diag < ¢ ,1,...,1) )
Yo

It can easily be observed that Cy(u) is invertible for u # 0. Further, the matrix
Cy is chosen such that
y" Cy(0) =0".
We introduce
Ey(u):=(1-e™) Cl_ll (u) . (2.4)

Assuming that y is of the form (2.1), we obtain that Eqy(u) = Ey (u)®(1—e ™) I,_,
with

Yo Y1 Y2 - Y1
Yoz Y1 Y2 ' :
Ey(u) = Lo el Ty, (z:=e ™). (2.5)
Yoz Y1z - Y2 Y1
Yoz Y1z ... Y22 Y1

Note that Ey can be written in the form
Ey(u) = Ey(0) —i(1 —e ™) (DEy)(0) , (2.6)

where D denotes the differential operator with respect tow, D := d/ dw. The vector
y need not to be such that its zero entries always occur at the tail. If the non—zero
entries of the vector y are given in a different order than in (2.1), then the matrices
Cy and Ey are defined just by reshuffling the rows and columns accordingly.

We can now formulate the factorization results for P(u). The following theorem is
proved in Plonka (1995):



Theorem 2.1 Let ¢ := (¢,)"_ be a refinable vector of compactly supported func-
tions, and let {¢,(- —n) : n € Z,v = 0,...,r — 1} form a Riesz basis of their
closed linear span Vy. Then Vy provides approximation order m if and only if the
refinement mask P of ¢ satisfies the following conditions:

The elements of P are trigonometric polynomials, and there are vectors y, €
R™; y, #0 (k=0,...,m — 1) such that forn=0,...,m — 1 we have

n

5 () wor oo Epy0) = 2", 27)

k=0

Furthermore, the equalities (2.7) imply that there are vectors xg, ..., T, 1 (Tx #
0,k=0,...,m—1) such that P factorizes

P(u) = 2%0;30(210 . Cg, (2u) pm) (u) Cg, (u)™"...Cg,(u)™", (2.8)

where the (r x r)-matrices Cg, are defined by ¢y (k=0,...,m — 1) via (2.2) and
P™(u) is an (r x r)-matriz with trigonometric polynomials as entries.

The vectors &;(Il =0,...,m — 1) in Theorem 2.1 are completely defined in terms of
the vectors y, (k = 0,...,m — 1). In particular, we have (zy)” = (y,)7, (z,)" =
(—i)(yo)" (DCy,)(0) + (y,)" Cy, (0) (cf. Plonka (1995)). With the assumptions
in Theorem 2.1, approximation order m is equivalent with exact reproduction of
algebraic polynomials of degree < m in Vj. Vice versa, if algebraic polynomials
of degree < m can be exactly reproduced in Vj, i.e., if there are vectors y; € R"
(l€Z,n=0,...,m—1) such that

Y@ e -D=s"  (@ERn=0...m-1),
leZ

then y;' can be written in the form
n En : Y\ ok, k
yl - <k> l yO 9

and the vectors yf (k =0,...,m — 1) satisfy the equalities (2.7) with respect to the
refinement mask P of ¢.

Now, assume that ¢ is a refinable function vector with a refinement mask P satisfy-
ing the conditions (2.7) for the vectors y, ..., Y,,_1 (Yo # 0). Further, let M € R™*"
be an invertible matrix and

¢* () := M ¢(2).



Then ¢* is also a refinable function vector with the refinement mask P*(u) :=
M P(u) M !, since
AH ~ ~
¢ (u) = M p(u) =M P(u/2) ¢p(u/2)
— M P(u/2) M ¢ (u/2) .

Observe that P? is obtained by a similarity transformation from P, i.e., P and P*
possess the same spectrum. Furthermore, Pu(u) satisfies the conditions (2.7) for
n=20,...,m— 1 with vectors yg, e ,yfnfl, given by

(W) =@,) M (v=0....m-1).

Hence, P* can also be factored as in (2.8) with C-matrices defined by certain vectors
ol, ... 2’ . In particular, we have (z})” := (y})” = (y,)” M~'. Note that this
implies that the factorization (2.8) is not invariant under basis transformations. For

instance, in the case where we consider a single factorization,

P(u) = 5 Cyu (20) PO ()Cy () (2.9

we could choose instead to carry out first the basis transformation

Y Y1 Y2 .. Yr—1
O 1 0 ... 0

M = . . . . . (2.10)
o 0 0 ... 1

For P*(u) = MP(u)M ™' the equation (2.7) now holds with (%) = (1,0,...,0),
and we can factor P*(u) accordingly. Multiplying the factored expression by M *
on the left and M on the right, we obtain

1
P(u) = 5Dy, (20)Q" (u) Dy (u) ™", (2.11)
where D, (u) is now defined by
1—2z -4, 2, i
vo Yo Yo
0 1 0 e 0
D,(u) = 0 0 ... 0 ) (2.12)
0 0 0 . 1

Other choices of M would lead to yet other factorizations. In most applications,
the original factorization (2.8) turns out to be the most useful. We shall use the
existence of this different factorization (2.11) (2.12) as a tool to study the spectrum
of P1(0).



3. CONVERGENCE OF INFINITE MATRIX PRODUCTS

Ultimately, we are interested in L'-solutions ¢(z) of (1.1), and their smoothness, if
they have any. We also want the space spanned by the ¢,(x—n),v =0....,r—1,n €
Z to have a certain approximation order. For ¢ € L', the Fourier transform (2) is a
well-defined and continuous vector-valued function that must satisfy (1.6) for all u.
In particular, we must have

$(0) = P(0)9(0) .

On the other hand, if we want any non-zero approximation order, then we must
have ¢(0) # 0, since ¢(0) # 0 would imply [ ¢u(x —n)dx = 0 for all v, n, making it
impossible to construct the function 1 as a combination of the ¢,(x — n). Together,
these two observations imply that we should take (}5(0) = a, where a is a left
eigenvector of P(0) for the eigenvalue 1. Note that we know that 1 has to be an
eigenvalue of P(0) because of (2.7). In all the examples we shall consider in practice,
¢ will be compactly supported; more generally, ¢ should have good (exponential)
decay, so that ¢ will be smooth. This means that we expect that in

o0 =p (3)-2 ()8 () - P () (5
+P(3) P (#) (¢ () - 0] .

the second term should become negligibly small in the limit for n — oo. This
suggests that we define

Y, (u) =P (E) .- P (£> a=1II,(u)a
2 2n
and study its limit for n — oo. In this section, we shall discuss the existence of this
limit, pointwise in u. In what follows, ||v|| will denote the Euclidean norm of v € R?
ie., ||lv|| =[v2+---4+0v2 ]2 and |v|| = maz|Vv|/||v| will be the corresponding
matrix norm for V€ R™*".

Lemma 3.1 Suppose that a is an eigenvector of P(0) for the eigenvalue 1. Further,
suppose that P is Holder continuous in u = 0,

[P (u) = PO)|| < Clul*, (3.1)
for some o > 0, and that
[P(0)[] <27 .
Then the infinite product X
Y (u) := lim IT,(u) a (3.2)
n—o0

converges pointwise for any u € R. The convergence is uniform on compact sets.



Proof: The Holder continuity (3.1) implies that

1P < [PO)] +Clul < [|PO)] "
Hence, we have
(O HIET 2 | ()

P(2)p (20

since [27* + ...+ 271 < 2= < oo for o > 0. Using this estimation and observing
that

IN

< et IP(0))

II;(u)a—a = [P(g)...P(%)-P(O)k] a

- r () p () [P(3)-Po] P0f a6

it follows that for any k£ € N

T (w)a —al < Ce% |y Z [HP(O)“]

20
=1

< O eyl

where we assume that a is normalized, ||a|| = 1, for the sake of convenience. Now,
considering the Cauchy sequence, we have

a(11io-Na P(0 N
ITLy s (1) @ — Ty (w)al| < €' eCeld™042) o (M) ,

ie.,
lim ||IIyik(u)a —Iy(u) al| = 0.
N—o0

Thus, (3.2) converges pointwise for all v € R. The convergence is uniform on
compact sets. ]

This result is often sufficient. The argument can be pushed a little further, allowing
for the substitution of || P(0)|| by the spectral radius of P(0),

po = p(P(0)) :=max{|\|: P(0)z =)z,  #0} .

Theorem 3.2 Let a be an eigenvector of P(0) for the eigenvalue 1. Suppose that
P(u) is Holder continuous in u = 0 with Hélder exponent o, and that

Po < 2% . (34)

Then Y (u), defined by (3.2), converges pointwise for all u € R, and the convergence
is uniform on compact sets. Moreover, Y (u) is Hélder continuous in u = 0.

9



Proof: 1. Again, we assume [|a|]| = 1 for the sake of convenience. Let Q(u) :=
P(u) — P(0). Then it follows by Hélder continuity that ||Q(u)|| < C'|u|® with
« > 1. Further, observe that ||P(0)*|] < C. (po + €)*. Then we have

Im@l = 1P (5)--P (2%) ||
- ||[P(0>+Q(9)1.. P0)+Q (57!

SO ”“Q(gmm) ™ Q (garams) -

mi,mo,..., myg= =0
mi+mo+.. +ml+1—N l

u

XQ (2m1+mz+...+ml+l> P(())ml+1 H

Introducing b = 27* < 1, this leads to

||HN || < Z Z Cé—i—l (PO + E)N—l C! |u|al 2—aZL:0(mk+1)(l+1—k)

my,mo,..., myg= =0
my1+mo+.. +ml+1—N l

N N—I
< CebeJrl bl(l+1)/2 Z(po + 6)Nfl (|U|aC€C)l Z b[ml(l+1)+---+ml+1]
ZZO M1 ,MY ey ml+1:0
m1+m2+...+ml+1=N—l
2. Next we find an upper bound for the sum over my, ..., m; ;. Consider the sum
M
AML = Z bm1+2m2+...LmL (35)

mi,my...,mp =0
mi+mo+...+mp =M

For Ay, we find the recursion (putting m = m;)

M M
A=Y WM Ay =0 Aymr

m=0 m=0
with Ay = bM and Aoz, = 1. We show by induction that
bM

Amr < m

(3.6)

For L =1 and M € N, (3.6) is satisfied. Now, assume that (3.6) holds for L > 1
and M € N. Then we obtain by the recursion formula

Amp1 =0 Z Arm,L < (1 — D)Lt Z < (1-— b)L'
m=0

m=0
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3. Substituting (3.6) into the expression for ||IIy(u)|| obtained above, we find

N
(@) < CY oo+ (Ju]* COY bMWD Ay,

=0

N pli+1)/2
< O (m+ e (i CO) s
=0
N [
“C.C
< N |ul* C. 1(i+1)/2. '
< Celpo+e) Z[(po+€)(l_b)] b (3.7)

=0

The sum in (3.7) converges uniformly for |u| < Q, since b < 1. Hence, we can
estimate
ITIx (u)[| < Ceq (po + €)™ (3.8)

3. Now, with the same argument as in the proof of Lemma 3.1, we have by (3.3)
k

I (w)a—all < CY Cealpo+e)™ (M)a

9l
=1

/oot e)!
! [ 0
Cralul 3 () 59)

=1

IN

Hence, convergence of ||II;(u)a—al| for any & € Nis ensured, if py < 2%, by choosing
e sufficiently small. Again, it follows that

k I
Ju|® pote
I k(wa —Ty(wal < CoClulp+" 557 >

2a
=1
N
< Cé,,Q |u|a <p021_6> )

where the last term is uniformly small in & if N is sufficiently large. Thus, for
fixed u, ITx(u)a is a Cauchy sequence for py < 2%, implying that we have pointwise
convergence of (3.2). Moreover, the convergence is uniform on compact sets. The
Hélder continuity of (3.1) in u = 0 directly follows from (3.9). n

4. DECAY OF INFINITE MATRIX PRODUCTS

Having shown that Y(u) is well-defined (under some conditions on P(u)), we now
proceed to study how the factorization (2.8) of the refinement mask P(u) can lead
to decay in u of Y (u) for |u| — oo. Let us suppose that P(u) can be factored in
the form

= m Cmo (QU,) Ce Cmm_l(QU) P(m) (U,) Emm_l (U) e Emo (’LL),
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where the C— and E-matrices are defined as in (2.2) and (2.4) and where the vectors

X, ..., &T,—1 are all different from zero. We can now rewrite Y (u) as
Y(u) := lim II = li ! "o c
(u) = nggo n(u)a = ng{}o 2 (1 — efiu/Q") zo(u)...Cg,_, (u)

u u u U

We note again that, since 7 P(0) = f with 2y # 0, 1 is an eigenvalue of P(0), and
we take a to be a right eigenvector of P(0) for that eigenvalue. We also assume that
zl a # 0; if the eigenvalue 1 of P(0) is nondegenerate, then this is automatically
satisfied. Note that for u = 0 we have Y(0) = lim,_ o P(0)"a = a. We will
establish conditions under which

(U o [ U u u
1P (5) - P (5) Baus (55) - B (57) al

tends to a finite limit for n — o0o; since lim, o [27" (1 — e=™/2")7?| = |u|~! for
u # 0, this then implies

Y@ < (14 ul) ™||Ca,(w)...Cg,_, ()] (4.1)
i 1 () () B () B ()l

Let us define the vectors e, by

€ky = 1 Zf Tkv 7é 0 (42)
0 Zf Tgy = 0
where zy,, are the components of the vectors ¢y (k =0, ..., m—1) introduced above.

Theorem 4.1 Let P be an r X r—matriz of the form
1

P(u) = -

Cg,(2u)...Cg,._ (2u) P™(u)Cyg, _ (u)"'...Cg,(u)”",

where the matrices Cg, are defined by the vectors &, # 0 (k = 0,...,m — 1) via
(2.2) and where P™ (u) is an (r X r) matriz with trigonometric polynomials as
entries. Suppose that P(m)(())em,l = e,, 1 where e, 1 is defined by 4.3). Further,
suppose that

pm = p(P"™(0)) < 2 (4.3)
and let )
_ (m) (4 (m) (&
I := 7 log, sup |[P (2)...13 (Qk)”. (4.4)

Then there exists a constant C' > 0 such that for all © € R

I ()l < C (1 + fuf) 7™ (4.5)
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Note that the requirement that P(m)em_1 = e,_1 is automatically satisfied in
the case of interest to us, i.e., when P(u) is the refinement mask for functions
bo(x),...,¢r_1(x) whose integer translates provide approximation order m; see
Plonka (1995).

Proof: 1. From (2.6) it follows that

Emm—l(u) s 'Emo(u) = Emm—l(o ECBO + Z 7w g G:cm 1y, L0
k=1

with some matrices G’%Zﬂfl,.__’mo depending on Eg, (0) and (DEg,)(0)

(v=0,...,m—1). Hence, we can write

u u u u
with u u

Tin(u) =P (3)...P" () Bg, ,(0)...Eg,(0)a
and .

o= S5 (3.2 ()
k=1

where vy, 1= Gggzn_l xea (k=1,...,m).

2. We can estimate the second term T, (u) by (3.8),

- —n m U m u
ITon(@) < €32l [P (5) . P () ] ol
k=1

Cl 2 1P (5) . P (o)

2n
Cefu 27" (pm +€)".

IN

IN

Since the spectral radius p,, of P(m)(()) is supposed to be < 2, it follows that for all
u€eR
Tim |7, (u) | = 0.

3. We now concentrate on T' ,(u). From the structure of Egz, and the definition
(4.2) of ey, it follows that, for any vector b

Eg, (0)b=(x;)'be, (k=0,...,m—1).
Repeating this argument, we obtain
Egx. (0)...Eg,(0)a=[(x)) " a][(z1)"e]...[(m1)" €ns]em_i.
This leads to

Ty () = [(z0)7a] [(21) €] . .. [(@mi) €m_s] P™ (3) " (l) €.
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Since P(™) (0) em—1 = €em—1, and py, < 2, we find by Theorem 3.2 that lim,, o T (1)
is well-defined for all u, and uniformly bounded on compact sets.

4. Take now any u € R. If |u| < 1 then there is a C such that ||T,(u)|| < C. If
|u| > 1, define L such that 2*=! < |u| < 2%, Thus,

. m Uu m u X u
| lim Toa()l < [P (5) - P (57) I Jim T (57) |

< Cl 2 2L H
By the definition of ~; it follows

| Tim Ty ()] < €257 < O (14 Jul) ™,

i.e., by (4.1) and the observations above we find a constant C' such that

1T ()| < C QL+ [u) ™. u

Remarks.

1. It follows from (4.5) that the components of Y (z) are continuous if P satisfies
the above conditions and if v, < m — 1.

2. For the proof of Theorem 4.1 we have assumed that p(P™(0)) < 2. As we will
see in Lemma 4.3 below, this can be ensured if the largest eigenvalue of P(0) apart
from the eigenvalue 1 is smaller than 27",

3. In order to avoid that Ty ,,(u) collapses to 0 as n — oo, i.e., limy, o || T, (u)]] = 0,
which would imply Y (u) = 0, we have to make sure that

(o) a] [(1)" eo] .- [(Tm-1)" €m-o] # 0. (4.6)

Note that this is already satisfied if there is an index v (0 < v < r—1) such that the
vth component of &, does not vanish for all £ = 0,...,m — 1. On the other hand,
since x; is a left eigenvector, and e;_; a right eigenvector of P(l)(()), both for the
eigenvalue 1, (4.6) is also satisfied if the eigenvalue 1 of P()(0) is nondegerate, for all
[, or equivalently, if the eigenvalues 1,1/2,...,2 ™" of P(0) are all nondegenerate
(see Lemma 4.3 below).

More detailed estimates show that decay of 'i‘(u) is also possible in some cases where
p(P™) > 2.

Corollary 4.2 Let P be again an r X r—matriz of the form

Pu) = 2im Cwo(2u)...Cx. (20) P™(w) Cg. (1)~ ... Cay(u)~,
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where the matrices Cg, are defined by the vectors & # 0 (k= 0,...,m — 1) via
(2.2) and where P (u) is an (r X r) matriz with trigonometric polynomials as
entries. Suppose that P™(0)lp,_1 = lpm_1. Further, suppose that

1P (u) = PU(0)]| < C ful® (4.7)
and that the E-matrices defined in (2.4) satisfy
|E,_,(u) ... Ex,(u) = Bz, _,(0)...Ex,(0)]| < Clul’. (4.8)

Now, if pm < 2™ B then there exists a constant C > 0 such that for all u € R
1T ()| < C 1+ [ul) ™,
where 7y, is defined in (4.4).
Proof: Observe that
1P (5). P (02 Ba,, () - B (5) all < ISu(@)] + 11T,

Y

on on on
with
S,(u) = P™ (g) ... p™ (%)
X [E;,;mfl (2%) ...Eg, (2%) —Eg. (0)...Ez,(0)] a

and where T, ,, is defined as in the proof of Theorem 4.1. With the same argument
as in Theorem 3.2 (cf. (3.8)) we obtain by (4.8) that

IS, < [P (3)... P ()|

2
Uu Uu
Bo, . (5)- Bz, (57) = B, 1(0)- .- Ba,(0)] al
n o 10l
S Ce,Q (pm + 6) C QTﬂ

Thus S, (u) tends to zero for n — oo if p,, < 2°. Further, since e,, ; is an eigen-
vector of P™(0), we can apply Lemma 3.1 in order to show that T, is convergent
for (p,, +€) < 2*. Hence,

u u u u
PO (5) P (5) Ba (5) - Baa (55) @

is well-defined if p,,, < 2m{* 8} Following point 4 of the proof of Theorem 4.1 we
can find a constant C' such that

1T <CQA+[u)™™™  m

Since P (u) is completely determined by P(u), the conditions p,, < 2 or p, <
27 are restrictions on P(u). The following lemma shows that there is a simple
connection between the spectra of P(0) and P (0), which makes it possible to
recast bounds on p,, as spectral bounds on P(0) as well.
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Lemma 4.3 Let P(u) be an r X r—matriz of the form
1
P(u) = 5 Cg,(2u) PV (u) Cg,(u)™", (4.9)

where Cg, is defined by xy # 0 via (2.2), and assume that ey (defined by x
via (4.2)) is the right eigenvector of P(l)(O) for the eigenvalue 1. Further, let
{1, p1, ..., pr—1} be the spectrum of P(0). Then the spectrum of P(l)(()) is

{]-7 2:“’17 sy 2/'LT—1}-

Proof: 1. First, observe that the factorization (4.9) implies that P(0) has the
eigenvalue 1 with left eigenvector xy. At the same time, xq is a left eigenvector of
P(r) for the eigenvalue 0, i.e., we have

()" P(0) =xo,  (x0)" P(r) =0

(cf. Plonka (1995), Theorem 4.1).

2. Without loss of generality, we assume that x, is of the form

xo = (o0, .-+, Tos 1, 0,...,0)" with 1 <1 < rand x, # 0 for v =0,...,01 — 1.
Now, consider P*(u) := M P(u) M~ with

Too Lo, -+ Tojg-1
M = 0 1 h 0 @ Irfla
0 0o ... 1

where I, ;is the (r — ) x (r —[) unit matrix (cf. section 2). Since M is invertible,
P*(0) possesses the same spectrum as P(0). Now, the left eigenvector of P*(0) for
the eigenvalue 1 is z* := (z¢)T M ! = (1,0,...,0)T. Analogously, we obtain that z*
is the left eigenvector of P* (m) for the eigenvalue 0. Hence, we find the factorization

P?(u) = £ C*(2u) PO (1) C*(u) (4.10)

with .
C*(u) := diag (1 —e ™, 1,...,1).

Observing that P*(0) has the structure

P”(O)— 1 0...0
“\ [+©0] [RO)] |

where 7(0) is a vector of length 7 —1 and R(0) an (r —1) x (r —1)—matrix, it follows
by the factorization (4.10) that P*1(0) is of the form

L 1 0...0
PH(0) = (@ 2 R(0) )
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Consequently, P*™1(0) has the eigenvalues 1, 21, . .., 2ir_1.
3. We show next that P*®(0) and P™(0) have the same spectrum. The fac-
torizations (4.9) and (4.10) imply the following connection between P*()(0) and
PY(0):

PO (u) = A(2u) PFO() Alu) ()

where

Au) = Cg,(u)™" M ' C*u)

10 0 o 0
< Tog1 Xo2 .- Togr—1

= z 0 To2 .- Tor—1 sy Ir—l (Z = e—zu).
z 0 ce 0 Zo,r—1

Since A(0) is invertible, it follows that P*1(0) and P (0) are similar, and thus
PW(0) has spectrum {1, 2 1y, ... 2 ptp_1 }. n

It follows that the spectrum of P (0) is likewise given by {1,2™uy, ..., 2" u._1}.
The requirement that p,, < 2* (as in Corollary (4.4) thus translates into

maz{|pl, ., e} <227

Remark.

If m > A, which need not be true in general, but which we expect to be true in
most cases (A = 1 except if both P(u) and E, _, (u)E,,(u) have Holder exponents
> 1 in u = 0; since 7, > 0 for all £, we have m > 2 in order to ensure decay
faster than (1 + |u|) 2 ¢ for [X(u)|), then (4.10) automatically implies that po, the
spectral radius of P(0), equals 1. It also implies that the eigenvalue 1 of P(0) is
nondegenerate.

5. UNIQUENESS

If the conditions of Theorem (4.1) are satisfied, with 7, < m — 1 for some k£ < 1,
then Y is well-defined and integrable, so that Y (z), its inverse Fourier transform, is
well-defined as well. Since Y (u) is obviously a solution to (1.6), Y (x) is a solution
to (1.1). Is it the only one? The following theorem lists some conditions that ensure
uniqueness.

Theorem 5.1 Suppose that the conditions of Theorem 4.1 are satisfied, with infy>, v, <
m—1, and that the eigenvalue 1 of P(0) is nondegenerate. Then Y (x) is a compactly
supported continuous solution to (1.1). Moreover, if ¢(x) is any other L*-solution to

(1.1) such that [ ¢(x)dz # 0 and [(1+ |z])||¢(z)||dx < oo, then ¢(x) is a multiple
of X(z).
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Proof: 1. We are assuming, as in Theorem 4.1, that all the entries of P(u) are
trigonometric polynomials. Let us, for this point only, consider u to be com-
plex rather than real. The argument that ||[P (%)---P ()|l is bounded uni-
formly in n > 1 and in v € A(0,1) = {z;|2|] < 1} holds for complex u as well.
Since ||P(u)|| < Ceflmul it then follows that for any |u| > 1, 2F < |u| < 2FF1,
||P (%) ... P (2%) a” < ClceRUmu\(1/2-}-1/4-}-...-}—1/2’0)Cf1 < Cl(l + |u|)keR\1mu|‘ It follows
that Y (u) = lim,_, P (%)--- P () a satisfies the same bound, implying that Y
is a compactly supported distribution. On the other hand, Y (x) is bounded and
continuous because, by Theorem (4.1), | X (u)] < C(1 + |u|) "+ for real u.

2. If ¢(x) is another L'-solution, then ¢(0) # 0 must be an eigenvector for P(0)
with eigenvalue 1, so that ¢(0) = ca for some ¢ # 0. Since [ zll|@(z)||dz < co, we

also have ||¢(u) — ¢(0)]| < C|u|. Hence, for any fixed u,
() — X (u)

= lim || P (g) . P (%) [{b (%) — &(0)] I
< lim |P™ (g) .. pm ( “)Emm 1

n—o00 2_n
< " lim [Ofyw(pm + 6)m010|u|27n]
n—oo
=0,
since p,, < 2. Hence, ¢ =Y. [

All the examples studied in the literature so far correspond to P(u) in which all
the entries are trigonometric polynomials, and that is why we have mostly restricted
ourselves to this case. Nevertheless, most of our analysis carries over to the nonpoly-
nomial case. In Plonka (1995), the original version of Theorem 2.1 does not require
the ¢, to be compactly supported, nor the P,,(u) to be trigonometric polynomials;
only sufficient decay in x for ¢(x) and a sufficiently high regularity of P(u) are re-
quired. As shown in section 3 (where the P(u) were not restricted to trigonometric
polynomials), this then implies | X (u) — Y (0)| < C|u| (since P is Holder continuous
in u = 0 with Holder exponent at least 1). This, in turn, is the only ingredient
necessary in point 2 of the proof of Theorem 5.1, which establishes uniqueness of
the solution within a certain class of functions with mild decay. Compact support
of X' (z) is, of course, no longer assured.

6. L?> CONVERGENCE AND POINTWISE CONVERGENCE

If P(u) is m (m > 1) times factorizable (in the sense of Plonka (1995)), i.e.,

P(u) = m Cao(2u)...Ca,, ,(20) P (1) Eg, ,(u)... Bay(u),
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if the spectral radius of P (0) is less than 2, and if, for some fixed k,

1
M= log, sup || P (ﬁ) ..pm™ (g

<
5 )l <m,

then our analysis in the previous sections has shown that
T =lm P(5)...P(5)a
(with (zo)" @ = 1) is well-defined, and that
1T < C 1+ ful) =™+

Moreover, we have || X (u) — Y (0)|| < Cu| for |u| < 1. So far, this convergence is
only pointwise, in the Fourier domain. How about L?- or L'-convergence? (This
would then imply L?-convergence or pointwise convergence in the “z—domain”.)

First of all, we have to change the set—up slightly, since P (%) ...P (2%) ais 2" -
periodic and cannot be in L? or L'. Let now f be a C? function with f(0) # 0.

Normalize f so that f(0) = 1. We also assume that

f2rk) =0, (DAH2rk) =0  (kez\{0}) (6.1)

and furthermore that

(D*Hw)] < C@+]u) ' (6.2)

. . 2
for some € > 0. (Take for instance f(u) = (51272/2> , i.e., f is the cardinal linear

B-spline.) Define now the n-tuple of functions

~

®(u) := f(u) Y(0), (63)
Note that ®¢(0) = Y(0).

Theorem 6.1 Let P be an r X r matriz with the assumptions of Theorem 4.1. If
Y& defined in (4.4) satisfies v, < m — 1, then we have

lim ||®, — Y|z =0,

n—00
where &, (u) := P (4)...P (%) P () and with ®, defined as in (6.3).
Proof: 1. We have

l/|@4m—fmmdug&m+&m+&m

o0
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with
Sin = [ I du,
|u|>2m7

Son = / 1T ()] du,
jul>2n

s = [P ()r(E) () (@)

Since v, < m — 1, it follows by Theorem 4.1 that || X (u)|| < C (1 4 |u|)"*¢ and
hence lim,,_,o, S2, = 0.
2. Next, we discuss the convergence of S5,. Using the relation (2.6) we obtain for
any vector v of length r

P(5).-P(5) v
T o —1eiu/2") Caz,(u) P (g> - P (%) Ea, (%) b

= S i G P (5) - PO () e

u

+;—Z Cz,(u) PV (3) ... pW (2n

5 ) (DEz,)(0)v.

where ey is defined by x, via (4.2), and where we have used (zy)Ta = 1. Conse-

quently, " " o o
P(5)P(5) [2(5) T ()] = A + B
with

= e 8 () 1 (2)] P(2)- () 0 (2) o

and
B(u) := %cwo(u) PW (g) ... PO (23) (DEz,)(0) (2%) :
where 2(u) = ®(u) — Y (u) — ()7 [@(u) - 'i‘(u)] a. Now, we find by Holder

continuity of ®(u) and Y (u) at u = 0,
@) [#(5) - (5]
< " [#(5) - 20| + @) [T (5) - T0)
< 27"

On the other hand, by the analysis we did before,

P (3) B (£) 120
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so that

1P (5) P (5) el an
S [ G e [ G) R

< c’+o"/ ! | P (9)...P<m> (i) | du
1< |u|<2n 2 2"

on (]_ _ efiu/Q")
< o / (4 + Jul)™ [u]~™ du
<Ju|<2n

< C,

where we have used that |1 — e™"/?"

Hence,

| = |sin 74+ | and |sinz| > 2 |z| for |z| < I .

[ law)ausccan,
|lu|<2nw

i.e, this term vanishes for n — oc.
For B(u), we have a similar estimate. We have || (
the same arguments as above

/ Bl du < c’z?n/ PO (2). PO (L] du
u|<2n lu|<2nm 2 2n

S 012—2n <C//+C//// |u|7m+1 (1_|_ |u|)7’° du)
1<|ul<2n

< OO+ C 2 ).

L) || < €27, and hence with

[\')|§

Thus, this term also vanishes for n — oo, so that

lim S5, =0.

n—o0

3. Finally, we discuss S;,. The 2"*'7 periodicity of P (%) .P (2%) implies that

s [ ||P<§>---P<2%> ()10
. / IP(5) P (5) & (55 +2nk) | du.

keZofoy IS
Now, using (6.1) and (6.2), we obtain for |u| < 27 and k # 0

||<1>( +27rk>|| - ||<1>( +27rk> &(2rk)|
1

<
- 2

2 ~
on| SUP |(D*®)(27k + t)||

[t|<m

2
C || @+

IN
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Hence,

S = Y / 1P (2) . P () & (ot 2mk) | du

keZ\fo} ¥ M=

< ¢ 2P (). P(2)] d

o[ () r ()

< o227 <CI+C’2/ || ™2 (1 + |u]) du)
1<|u|<2n

S C2—2n (Cl +C~r(2n(—m+3+7k) + 1))

S C, 27271 + CII 27n(m717’yk)‘

Since we have assumed that v, < m —1 it follows that S, too vanishes for n — oo.
n

Remarks.

1. The same arguments work for L?-—convergence, except that we only need 7, <
m— 1.

2. The graphs for the examples in section 7 are, in fact, graphs of close approxima-
tions ®,, to the true solutions ¢, obtained by the iteration in Theorem 6.1.

7. EXAMPLES
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