Physicaljusti cation for usingthe tensorproduct
to descrile two quarium systemsasonejoint
systerf

Diederik Aerts and Ingrid Daubedies

Theoretical Physics
BrusselsFree University
Pleinlaan 2, 1050 Brussels, Belgium
diraerts@vub.ac.ke, ingrid@math.princeton.edu

Abstract

We require the following three conditions to hold on two systems being
described as a joint system: (1) the structure of the two systemsis pre-
served: (2) a measuremen on one of the systems does not disturb the
other one; (3) maximal information obtained on both systems separately
givesmaximal information on the joint system. With these conditions we
show, within the framework of the propositional system formalism, that
if the systemsare classical the joint system is described by the cartesian
product of the corresponding phasespaces,and if the systemsare quantal
the joint system is described by the tensor product of the corresponding
Hilb ert spaces.

1 Intro duction

As we know the states of a physical system are described by the points in a
phasespacein classicalmecanics and by the unit vectors of a complex Hilb ert
spacein quantum medanics. If we considertwo classical systemsS; and S,
with corresponding phasespaces ; and - ,, then the joint systemS is naturally
described by meansof the phasespace- which is the cartesianproduct - 1 £ - 5.
For two quantum systemsS; and S, with corresponding Hilb ert spacesH; and
H, it is one of the axioms of quantum mecdanics that the states of the joint
system S are described by the unit vectors of the tensor product H; - Hy. This
not obvious procedureto construct the states of the joint systemin quantum
medanics originated in the wave-medtanics formalism. Indeed if we describe
both S; and S, by meansof the Hilb ert spacelL?(R®) of all squareintegrable
complexfunctlons of three variables, ancha state of S; resp. Syyjs represerted by
a function Ay(x) resp. Ay(y) sudh that  jA;(x)j%dx = 1and jAx(y)j?dy = 1,
then it is natural to represen a state of the joint syste@S by a squareintegrable
complex function of six variables A(x;y) such that  A(x;y)dxdy = 1. This
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amourts to saying that we take the Hilb ert spacelL?(R3 £ R®) to describe the
joint systemsS.

Sincenot every complexfunction of six variables can be written asa product
of two functions of three variables, L?(R3£ R®) cortains functions that are not in
the cartesianproduct L?(R3®)£ L?(R3) andin fact onecanprovethat L?(R3£ R3)
is isomorphicto L2(R®) - L2(R®)([1], p. 51). This is the reasonwhy in general,
when we consider S;, and S, to be described by abstract Hilb ert spaces,H 1
and H,, wetake H; - H; to describe the joint systemS.

Our aim in this article is to try to understand the physics behind these
coupling proceduresfor two systems. We shall seethat somevery generaland
physically intuitiv e requiremerts on two systemsS; and S, lead us in a nat-
ural way to describe the joint system by means of the tensor product of the
corresponding Hilbert spacesif S; and S, are quantum systems. The same
requiremernts for classicalsystemsforce us to describe the joint system by the
cartesian product of the corresponding phasespaces.

To carry out this program, we usedthe propositional system formalism of
Piron [3] becausewe think it givesa clearer insight into the physical notions
behind quantum mecanicswhich are often not soeasyto graspin the ordinary
Hilb ert spaceformalism. Moreover it is a formalism capable of describing both
guantum systemsand classical systems by means of the same mathematical
artillery .

The origins of the propositional system formalism go back to [2]. The phys-
ical interpretation exposedhere is givenin [3]. It was realized long ago [4], [5]
that the obsenables of a system are more fundamenrtal physical notions than
the states of the system, which is the opposite of what is done in the Hilbert
spaceformalism, where one de nes rst the states and afterwards the observ-
ables. This idea gave birth to the C"-algebra approac of quantum medanics.
But still, an obsenable being represerted by an operator is not a physically
very clear idea. One can remark however that it is always possibleto split an
experimert into di®erert “yes-no'experiments (obsenations which permit only
the two alternativ esyesor no asan answer)®. Indeed, in generalthe valuesof an
obsenable cover a subsetof the real line. A determination of the obsenable is
obtained by dividing the real line into small intervals and then deciding for each
one of these intervals whether it contains the measuredvalue. The collection
of all the yes-noexperiments obtained in this way determines completely the
obsenable. In phase spaceformalism of classical mechanics this collection is
the set of all subsetsof phasespaceof the form f i 1(A), where A is a subsetof
the measuring range of the obsenable represerted by the real function f, and
f is completely determined by the knowledge of this collection (see[3] theorem
1.21). In the Hilbert spaceformalism of quantum medanics this collection is
the set of all projection operators of the spectral decomposition of the corre-
sponding selfadjoint operator. Sothe idea grew to make a quantum formalism
by consideringthe collection of all the possibleyes-noexperiments on a physical
systemand to study its structure.

Taking into accourt somevery basic physical facts Piron shows in his excel-

1A yes-no experiment is represented in the phase space formalism of classical mechanics
by a function f from the phase space to the set fyes, nog (or, which is the same, by the
subset f i 1(yes) of the phase space). In the Hilb ert space formalism of quantum mechanics
it is represented by a projection operator P (or, which is the same, by the closed subspace
P (H) of the Hilb ert spaceH



lent book [3] that oneis led in a very natural way to de ne operations on this
set, which turn it into a complete, orthocomplemened, weakly modular lattice,
a well-known mathematical object. The structure of this object is now a direct
consequenceof physical argumerts, which is not the casefor, e.g. linearity in
the C"-algebra approach. Work on such lattice formalisms has been done by
Mackey [6], Jauch [7], Piron [3], and many others. In [3] it is proven that with
some additional suppositions (for instance the possibility to de ne states for
the system), this approac vyields a structure which is isomorphic to the struc-
ture of ordinary quantum medanicsin the Hilb ert spaceformalism. Assuming
a di®erent additional property, named distributivit y, the formalism leadsto a
structure isomorphic to the oneusedin classicalmedanics. We will give a short
review of the basic notions and de nitions involved in the propositional system
formalism in the following section.

2 The prop ositional formalism

If S is a physical system we will denote by L the collection of all the yes-no
experiments on S. Let us remark that in fact L is just the collection of all the
properties of S becausewith every property corresponds a yes-no experimert
and vice-versa. This to point out the great generality of this formalism which
starts by studying the structure of the set of properties of a physical system. If
S is aclassicalsystem, described in phasespaceformalism, L is the collection of
all the subsetsof the phasespace-. We'll denote this collection P(-). If S'is
a quantum system, described in the Hilb ert spaceformalism, L is the collection
of all the closedsubspaceof the Hilb ert spaceH. We'll denotethis setlikewise
P(H).

We will say that a yes-noexperimert is ‘true' whenewer we are certain that
the answer yes will be obtained. For a classical system described by P(-)
this will be the casewhen the point of - represening the state lies in the
corresponding subset A of -, otherwise we get with certainty the answer no.
For a quantum system described by P (H) this will be the casewhen the state
vector x belongsto the corresponding closed subspaceG of H. Remark that
only when x 2 G? we get with certainty the answer no. In both classicaland
guantum caseswe'll say "A is true' and "G is true'.

2.1 Structure of L

The above de ned notion of truth for a yes-noexperiment givesrise to the basic
structure of L: we'll say that b implies' ¢ (notation b< c) i®cis true whenewer b
istrue. It is easyto seethat this de nesa partial order relation, i.e. are°exive,
antisymmetric and transitiv e relation on L. This partial order relation is the
inclusionon P(-) andon P(H)

(1) L, < is a complete lattice. This means that for every family (b)i2,, of
elementsin L there exists a greatest lower bound ~i,, b, and a least upper
bound izl h

2 In P(-) the greatestlower bound of a family (Aj)i2; is\ 2 Aj, the least
upper boundis [ i2| A;.



2 For afamily of closedsubspaceqF;)i2; in P(H) we have a greatestlower
bound\ j;, Fi, and a least upper bound cl(spanjz (Fi)).

2 Physically speaking, iz i will betrue i® all the iy's are true. The physi-
cal interpretation of the least upper bound is lessobvious: it may happen
that 2, b is true while none of the b's is true. For a classical system,
this last possibility is excluded.

(2) L, < is an orthocomplementel lattice, with orthocomplementation °. This
means that % is a bijection mapping L to L suchthat for b;c2 L

: ()= b
2 p<c) <P
2 p_BP=1, brP=0wherel = b 0= "py b

For A2 P(-) wehave A°= - j A andfor G2 P(H) we have G°= G~ .

The physical interpretation is easy: if bis true, then we'll get for certain the
answer no for °. This interpretation holds in Hilb ert spaceformalism as well
asin phasespaceformalism.

(3) A lattice L, < is said to be distributive if:

8b;c;d:b_(crd)=(b_c)" (b_d)

It is easyto seethat P(-) isdistributiv e, whereasP (H) is not if dimH > 1. This
distributivit y givesus the fundamertal di®erencebetweenquantum medanics
and classicalmedanics. Although we seethat not any L is distributiv e, there
exists a weaker condition which is always ful lled:

(4) L is weakly modular. This means that wheneverb < c, the sublattice gener-
ated by f b;b% c;c% is distributive.
This condition is veried in P(H). Pairs which generate distributiv e sublat-
tices are interesting in themselwes becausethey show classical features. This
motivates the following de nition:

(5) De nition: b;c2 L are said to be compatible i® the sublattice geneated by
fb;b? c;c% is distributive.

We shall denote this by b$ c.

In aP(H) the relation F $ G holds i® the corresponding projection operators
commute. In P(-) any two elemeris are compatible.

Other pairs of elemens can also be interesting:

(6) De nition: b;c2 L are said to be a modular pair i®

8x<c (b_x)"c=(b"c)_x

We shall denote this by (b;c)M .

One easily seesthat b$ c implies (b;c)M .

In the following we shall always assumethat the lattice L of yes-no experi-
ments of a system satis es axioms (1), (2), (4). For a more complete physical
justi cation of this assumption the reader s referred to [3].



2.2 The states of a physical system

Let us consider a system S, described by the complete, orthocomplemeried,
weakly modular lattice L of its yes-noexperiments. The next step in the study
of the systemis to investigate which yes-noexperiments are true at a certain
momert. These are indeed the properties which are elemers of reality for the
systemat that momert: they represen the state of the system. This collection
of “true' yes-no experiments is completely characterized by its greatest lower
bound which is again a yes-noexperimert (see2.1(1)). One usually represerts
the state by this yes-noexperimernt.

Moreover we want the systemto be totally described by this collection. This
compels its greatest lower bound to be a minimal elemen of L: no additional
yes-no experiment can give us more information. In mathematical language,
this meansthe following for the proposition p corresponding to a certain state:
Xx2L;x<p) x=0o0rx=p.

An elemen p which hasthis property is called an atom of L. Sinceon the
other hand for every property of S there hasto be a state in which the system
possessethis property, we have the following axiom:

(1) L is an atomic lattice. This meansthat for every elementb of L there exists
an atom p suchthat p< b.

In P(-) the atomsarethe points of - andin P(H) they are the one-dimensional
subspacesf H. There is one more axiom to be ful'Tled by L. For its physical
understanding which requires a deepanalysis of the measuring processwe refer
the readerto [3] ch. 4.

(2) L satis es the covering law. This means that if p is an atom of L and
a;x 2 L suchthata® p= Oanda< x< a_pthenx=aorx=a_p.

A collection L of yes-noexperimerts on a physical system which satis'es 2. 1
(D), (2), (4) and 2.2 (1), (2) will be called a propositional system.

As we said before a classicalsystem is described by a distributiv e proposi-
tional system which implies that any two propositions are compatible. When
the opposite is true, i.e. no elemer of L exceptO and 1 is compatible with all
the others (L is irreducible), we say that the systemis a pure quantum system.
In generala system is intermediate betweenthose two extremes. It is in fact
a quantum systemwith superselectionrules and can be consideredas a combi-
nation of pure quantum systems(see[3] chapter 2). P(H) is a pure quantum
system.

The following two represettation theorems show us that although we took
P(-) and P(H) asexamplesfor a classicalsystemand a pure quantum system,
they are already the most generalrealizations.

(3) If L is the propositional system of a classical system, and so a complete
orthocomplemened distributiv e atomic lattice, then L is isomorphic to P (-)
where - is the set of all the atoms of L (for proof see[3] p. 9).

(4) If L isthe propositional systemof a pure quantum system,and soa complete
orthocomplemerted, irreducible, weakly modular, atomic lattice satisfying the
covering law, then L is isomorphicto the setP (V) of all biorthogonal subspaces
of a vector spaceV over some eld K. The orthocomplemenation de neson K
an involutiv e anti-automorphism and on V a nondegeneratesesquilinearform;
the weak modularity ensuresthat the whole spaceis linearly generatedby any



element and the corresponding orthogonal subspace(for proof see[8] and [3]).

If we take the "eld in this represetation theorem of Piron to be C and the

involutiv e anti-automorphism of C to be the conjugation then the vector space
V becomesa Hilb ert spaceover C and soL is isomorphic to our exampleP (H).

In the following we shall always restrict ourselvesto the casewhereK = C.

3 The description of two systems as a joint sys-
tem

Let us considertwo physical systemsS; and S, with their corresponding propo-
sitional systemsL, and L,. We want to describe the two systemsas being one
joint system S with corresponding propositional system L. Which will be the
physical requiremerts to askon L, L, and L?

3.1

2 First of all we do not want S; and S, to lose their identity by coupling
them. So every property of S; and every property of S, hasto be a
property of S. The mathematical translation of this requiremert is the
existenceof a map h; from L; to L and a map h, from L, to L.

2 We alsorequire the physical structure of S; and S, to be consened when
they are consideredas parts of S. So h; and h, have to consene the
structure of L; and L,. It is sutcient to ask the following:

(@) fora;;b;2 Ly anda; $ by we have hy(ar) $ hi(ly)

(i) for (a)iz2i;a 2 Ly we have hy(_i2i &) = _i21 ha(&).

From thesetwo requiremerts follows immediately that

(i) hy(0)=0

(iv) hy(ad) = hi(a1)°” hy(l1)

(V) hi(Mizra) = M2 ha(&).

So (i) and (i) make h; to consene the structure of L. We ask the same
properties for hy?.

2 hy(l1) is ayes-noexperimert on S which is true whenewer S; exists, soit
is always true. From this we concludethat h;(1;) = | andin an analogous
way hy(l) = 1.

A c-morphism such that the identit y is mapped to the identity is said to
be unitary.

3.2.

2 We alsowant to couple S; and S, in such a way that it remains always
possibleto consider only one of them without disturbing the other. No

2A map from a propositional system L to a propositional system L° with these prop erties
is called a c-morphism. An isomorphism of two prop ositional systems is a c-morphism such
that the inverse map is also a c-morphism (i.e. a bijectiv e c-morphism).



measurememn on S; may disturb S, and vice versa. The mathematical
translation of this requiremert is the following:

If aa2Lli;a2Ll, then h]_(a]_) $ hz(az).
3.3.

2 We do not loseinformation in coupling S; with S,. So we will ask that
when we perform a measuremenh on S; which givesus maximal informa-
tion together with a measuremen on S, which givesits maximal informa-
tion this will give us a maximal information measuremeh on S.

The mathematical translation of this requiremert is the following (see2.2):

If p; is an atom of L1 and p, an atom of L, then: hi(p1) * ha(p2) is an
atom of L.

These three rather weak requiremerts will be suzcient to prove the following
two theorems.

3.4.

2 If S; and S, are two classicalsystemsdescribed by P(- 1) and P(- ,) then
the joint systemS is described by P(- 1 £ - 5).

3.5.

2 If S; and S, aretwo pure quantum systemsdescribedby P(H;) and P (H )
then the joint systemsS is describedby P(H1- H) or P(H1- H3) where
H?3 is the dual of H.

In the next sectionswe will prove those two theorems.

4 The classical case

Let us considertwo classicalsystemsS; and S, describedby P(- ;) and P (- »)
and the joint system S described by P(-). First of all we remark that require-
ment 3.2 is always ful Tlled sincewe want S to be a classicalsystem. Sowe will
prove 3.4 by using only 3.1 and 3.3.

Theorem If there exist two unitary c-morphisms
hi:P(-1) ! P() 1)
ho:P(-2) ! P() )

suchthat hy(p;) » ha(p2) is an atom of P(-) wheneverp; is an atom of P(- ;)
and py is an atom of P(- ,), then P(-) is isomorphicto P(- 1 £ - 7).

Proof: Consider the following map:

l:-1£-2 ! - (3)
(p1;p2) 7' hai(p1) ™ ha(p2) (4)



() 1 isinjective
Indeed suppose

hi(p1) » ha(p2) = ha(a) » ha() (5)
) ha(p) ® ha(p2) = [ha(p1) ® h2(p2)] * [ha(aw) » ha(a)] (6)
) ha(p1) M ha(p2) = ha(pe” ) ™ ha(p2 * @) (7)

If pp & o then p; ™ o = O which implies that hi(ps* 1) = 0
(ii) I is surjective
Indeed

- = hy(- )" ha(- 2) = h1i(Cp,2-,P1) ™ h2(Lpy2- ,P2) (8)
= f_pi2-,hi(p)9” f_p,2- ,h2(p2)g 9)
= _pi2-4 _ps2-, (h1(p1) ® h2(p2)) (10)
= fha(p1) ® h2(p2)j(P1ip2) 2 - 1 £ - 29 (11)

If we considernow the mapi : P(-) ! P(-1£ -,) sud that i(A) =
f(p1;p2)il [(p1;p2)] 2 Ag, then it is easyto cheekthat i is an isomorphism.

5 The quantum case

To prove 3.5 we will make an intensive use of a study of structure preserving
maps of propositional systemsmadein [9]. We already de ned a c-morphism to
be a map preserving the physical structure represened by the axioms 2.1 (1),
(2), (4). In 2.1 (6) we de ned modular pairs. It is easyto seethat not every
c-morphism will map a modular pair into a modular pair. If it doeswe will call
it an m-morphism [9] [10].

In [9] it is proven that every unitary m-morphism from P(H) to P(H9 can
be generated by a family of unitary and antiunitary maps from H to HO If
all these maps are unitary the m-morphism is said to be linear and if they are
antiunitary the m-morphism is said to be antilinear. Otherwise it will be called
mixed.

We will alsoneedthe following results of [9].

5.1. Prop osition (see[9] proposition 2.5)%) Let H;H° be two complex Hilbert
spacesand f a c-morphism from P(H) to P(H9. Then f is an m-morphism i®
8x;y non zero vectors in H: f (X y) “2f (X) + f(y).

5.2. Theorem (see19], theorem 3.1) Let H and H° be two complex Hilbert
spaces, with dimension greater than or equal to 3. Let f be an m-morphism
mapping P (H)into P(H9. Then for every couple (x;y) of non zem vectors of
H, there exists a bijective boundd linear map Fyx mappingf (X) into f (y), such
that the set of mapsfF,y ;x; y 2 Hghas the following properties:

31f x is a vector of a Hilb ert spaceH we will write X to denote the one dimensional subspace
generated by x.



Fxx = idg (X) (12)

Fxy = (Fyx)' ! (13)
FzyFyx = Fax (14)
I:y+ zZx = I:y;x + I:z;x (15)
Fxy = Fxy (16)
Fy.x is an isomorphismif kxk = kyk a7

For everynon zem X in H, there exists moreover two orthogonal projections PX
and PS, elementsof P(f (X)), suchthat

Pf ¢P§ =0 (18)
Py = Fyx P Fyy (20)

and B -
Fxx = .,Pf+ PS (21)

If for one non zer x in H the projection P (PY) is zem, then all the P27 (Ply)
are zero and
fis a linear (antilinear) mj morphism (22)

We will also usethe following result of [9].

5.3. Theorem (see[9], corollary 4.2) Let H and H° be complex Hilbert spaces
with dimension greater than two. Let f be a unitary c-morphism mapping
P(H)into P(H9 such that there exists one atom p of P(H) which is mappd
to an atom f (p) of P(H9. Then f is an isomorphism.

5.4. We will also need a few results from lattice theory which we will use
frequertly in the calculations.

2 (1) In a weakly modular, complete orthocomplemeried lattice L if b2 L
anda 2L 821 andb$ & 8i 21, then:

_i2z1(b" &) = b™ (Liz1 &) (23)
(see[3], theorem 2.21)

2 (2) In aweakly modular, orthocomplemerned lattice L we have two criteria
which enableus to seewhether two elemerts are compatible:

If b;c2 L:

b$ ¢, (bro_(FPro=c (24)
., (b_Orc=brc (25)

(see[3] Section 2.2)



2 (3) In a weakly modular, orthocomplemened lattice L, the triplet (b;c;d)
is distributiv e wheneer one of the three elemeris is compatible with eadh
of the two others.

(see[3], theorem 2.25)
(26)

4.5. We will now considertwo pure quantum systemsS; and S, described by
P(H1) and P(H;) and the joint system S described by P(H) whereH; and H
are complex Hilb ert spaceswith dimensiongreaterthan two and H is a complex
Hilb ert space.We will alsosupposethat 3.1, 3.2 and 3.3 are ful'lled; so

(i) there exist two unitary c-morphisms

hy :P(Hy)! P(H) hy:P(Hz)! P(H) (27)
(iiy such that for every G; 2 P(H;) and G, 2 P(H;) we have:

h1(G1) $ h2(G2) (28)

(i) and such that if p; is an atom of P(H;) and p, an atom of P(H>), then
hi(p1) * hz(p2) is an atom of P(H) (29)

With thesedi®erert assumptionswe will “rst prove somelemmasin preparation
of the proof of 3.5.

Lemma 1 If we de ne the following maps:

Uz, :P(H1) ! P(h2(X2)) Gi1 7! hy(Gy1) " ha(X2) (30)
Vz, tP(H2) ! P(hi(X2)) Gz 7! h2(G2) ™ hy(X1) (31)

then ug, and vx, are isomorphisms.

Proof. (i) Take (G})i»; sothat G} 2 P(H;) 8i 2 |. We have: ug,(_i21 G}) =

h1(Li21 G1) " ha(X2) = (Li21 ha(GY)) » ha(X2). Becauseh;(Gh) $ hp(Xz) 8i 2 |

and (23) we have: ug, (_i21 G}) = _i21 (h1(Gh) » ha(X2)) = _i21 Ux, (GY).

(i) Take Gy;H; 2 P(Hy) such that G; $ Hji. Let us st calculate ug, (HY).
We have: UYZ(H;(L)) = h]_(H](_))/\ hg(Yz) = hl(H 1)0/\ h2(72) = (hl(H 1)0_ hz(Yg)O)A

ha(X2) = (hi(H1) " ha(X2))°" ha(X2) = ux,(H1)°” ha(X2). It is easyto see
that if a 2 P(hy(X2)), then a®~ hy(X,) is in fact the orthocomplemen of a
in P(hy(X2)). We can seethat: (ux,(G1) _ (ux,(H1)°" h2(X2))) » ux,(H1) =

(Ux,(G1) _ Uz, (HD)) ® ug,(H1) = Ux,((G1 _ HY) ® H1)) = ux,(G1 " Hy) =

Ux, (G1)  ug,(H1). This proves(25) that ug,(G1) $ ug,(H1).

(iii) If py is an atom of P(H1), then ug,(p1) = hi(p1) * ha(X2) is an atom of
P(H) (29), soan atom of P (h,(X2)).

(iv) Ux,(H1) = ha(H1) ® ha(X2) = ha(X2)

Sowe proved that ux, is a unitary c-morphism which maps atoms onto atoms.
Using theorem 4.3 we conclude that ug, is an isomorphism. In an analogous
way we prove that vg, is an isomorphism.

Lemma 2 h; and h, are m-morphisms

10



Proof. Take two non zero vectors X;;y; 2 Hy and a vector x 2 hi(X1j Yi).

From lemma 1 weknow that vy is anisomorphismof P (H>) to P (hi(X1 i Y1)).
Hencethere exists an atom Xz 2 P(H2) sudh that v;——(X2) = X. So
X = h2(72) N h]_(X]_ i y]_) (32)

SinceXy | y1 < X1 _y; we have: hi(X1i y1) < hi(X1) _ hi(y,), which implies
that hp(X2) N ha(X1i Y1) < ha(X2) * (ha(X1) _ ha(Yy)) = (from (26))[ha2(X2) *
h1(X1)] _ [h2(X2) * h1(Y4)] = (from (29))[h2(X2) * h1(X1)] + [h2(X2) * ha(Y1)]:
Form (36) we seethat x = y+ z wherey 2 hy(X1) and z 2 hi(y,;). Sincex was
chosenat random we have: hy(X1 i Y1) ¥2 h1(X1) + hi(¥;). Using proposition
5.1 we conclude that h; is an m-morphism. In an analogousway one proves
that h, is an m-morphism.

Sinceh; and h, are m-morphisms we can considerthe mappings

Fyixa tha(X2) I ha(Y2) (33)
Ky, 1ha(X2) ! ha(¥2) (34)

de ned in theorem 5.1, with their corresponding properties proved in [9]. We
can prove then the following:

Lemma 3 If x 2 hy(X7) » ho(X2) andy; 2 H1, y2 2 H, then:

Fy.x, (X) 2 (Y1) » h2(X2) (35)
Ky, x, (X) 2 h1(X1) ® ha(Y2) (36)

and
Fyixa Koo (X) = Ky, i, Fypxg (X) (37)

Proof. Take x 2 h1(X7) * ha(X2) and y, 2 Hy, then we have x = Ky, x,(x) + u
whereu 2 ha(X2i ¥2);Ky,ix,(X) 2 ha(¥2). We have to show that Ky,.x,(X) 2
hy(xX1). Sincehi1(X1) $ ha(¥2) and hi(X1) $ ha(Xz i y2) we have (24) ho(y2) =
[h2(y2) * h1(X2)] _ [h2(¥2) ~ h1(x2)T and ha(Xa i y2) = [ha(X2§ y2) * ha(X7)] _
[ha(X2 7 ¥2) ® ha(X1)9. SoKy,x,(X) = v+ w wherev 2 hy(yz) * hy(X1) and
w 2 hy(yz) » hi(x7)® and u = z+ t where z 2 hy(Xz2i y2) » hi(X1) and
t2 hy(X27 Y2)» hi(x0)% Soxi vi z= w+ t, hencew+ t 2 hy(X7) » hy(x7)°
which implies that w + t = 0, and since ho(X2 | y2) * ha(yz) = 0 we have
w =t = 0. Soweseethat Ky, ., (x) = v 2 hy(X1)" h2(¥2). In an analogousway
we prove that Fy, ., (x) 2 hi(y1) * ho(X2). To prove (37) we proceedas follows:
Form x = Ky,x,(X) + u follows Fy,.x, (X) = Fy,x, Ky, (X) + Fy,x, (u), and
Fyiix: (X) 2 ha(¥1) * ha(X2), Fy, i Ky, i, (X) 2 ha(¥1) N h2(¥2), and Fy, x, (u) 2
h1(¥1)  ha(X2 7 ¥2). SOFy, i, Ky, (X) = Ky, Fyaix, (X).

Lemma 4 h; and h;, are both non-mixed m-morphisms.

Proof. Supposeh; to be mixed. Then P¥[h;(X1)] 8 0and PX[h;(X1)] 6 0. Take
z 2 P¥[hi(X7)] and t 2 PX[hy(X7)]. Sincefrom lemma 1 the map vy, : P(H2) !
P (h1(X71)) is surjective, there exists elemens z, and t, 2 H, such that

(38)
(39)

Vx, (22)

VXI(E)

|
~ N
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or

z 2 hi(x1) " ha(Z2) (40)
t 2 hi(x1) " ha(t2) (41)

Take K,2,(2) = t°2 1. Then Ky,.2,Fx,x,(2) = Kg,2,(,z) = ,t% On the
other hand, becauseof (37), we must obtain the sameresult if we calculate
F.X1;X1Kt,:2,(2) = Fx,x, (t9 = ,t% But [t°6 [ t%if =(,) 6 0. Soh; cannot
be mixed. In an analogousway we prove that h, cannot be mixed.

Lemma 5 Takez; 2 Hy, 2z, 2 Hy, and z 2 hi(Z7) ® hy(Zz) suchthat z;;2,;2

are non zero vectors. Put
®= kZ]_k ¢k22k

kzk (42)
and de ne the following maps:
®
UH. H]_ ! hZ(XE) X]_ 7' 7FX1;21KX2;ZZ(Z) (43)
szk
®
Viz i H2 ! hi(X7) Xo TV ——Ky,:2,Fx,:2, (2) (44)
lek

then Ugz are all unitary or antiunitary maps according to whether h; is linear
or antilinear (see (22) and the Vs; are all unitary or antiunitary mapsaccording
to whether h, is linear or antilinear.

Uss geneates Ug; and Vg geneates vy (45)

Proof. It follows from (35) and (36) that Ug; and Vx; are well de ned. It follows

from the de nition and (22) that Ug; is linear or antilinear accordingto whether
hy is linear or antilinear. Take now kt;k = kz;k and ktok = kzok with t; 2 X7
and t, 2 X3. We have:

®
KUgr(x1)k = kaxl;lexl:zl(Z)k (46)
® kxik kxok
= ! 2 kFt1§ZiKt2§Zz(Z) (47)

kxok kz1k kzok
Using (17) and (42) we seethat:

_ kZ]_k ksz kX]_k kX2k _
kUsz(x1)k = k2K 10K kzik kzzkak = kx1k (48)

So Ug; is an isometry (or anti-isometry).
In an analogousway we prove that Vi is an isometry (or anti-isometry).

From (35) and (36) we seethat for x; 2 H1 and x, 2 H, we have:

Usz(X1) = h1(X1) * h2(X2) = Vxr(X2) (49)

If we de ne:
By . P(H 1) ! P(hz(ﬁ) Gl 7! ng(Xl) X1 2 Glg (50)
e P(H2) ! P(hi(X7) G2 7! fVrr(X2) X2 2 Gog (51)
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then it is easyto ched that Bg; and e are unitary c-morphismsdi®erert from
the zeromorphism, mapping atoms onto atoms. Take now an orthonormal base
fedi2i in Gi. Then fUgz(e)gdi2s is an orthonormal basein 8x(G1), and:

Uz(G1) = Ug(Liz2i &) (52)
= _i2i U (®) (53)
= _iz2i(ha(&) " h2(X2)) (54)
= _i21Ug(e) (55)
= 85(G1) (56)

SoBx; = Ug; and analogouslyes = vxr. Sinceug; and vgr are surjective, Ug;
and Vg will be unitary or antiunitary .

Lemma 6 If kxik = kxok for x; 2 H,; and x, 2 H, then
Usxz(X1) = Viz(X2) (57)

If fegioi is an orthonormal baseof H; and ff; gj>; an orthonormal baseof H,
then

fUr(€)8i215 2 (58)
is an orthonormal baseof H.

Proof. (57) is a direct consequencef the de nitions (43), (44) and of (37). Let
us prove (58). Supposej 6 j° then, sincef; ? fjo, we have hy(f;) ? ha(fjo).
This makesuﬁ(xl) ? Ur(x1) 8x1 2 Hy. Since UT is a unitary or antiunitary
]
operator we have also
Urr(&) ? Ur(en) (59)

fori 6 i% and
KUr—(&)k = 18i;] (60)

Sof UW(e.)g is an orthonormal setin H. Take

_izij2aU(@) = _izij2a(a(@) " ho(f)) (61)
hi(H1) ® ha(H2) = H (62)

Hencef Uﬁ(e.)g is an orthonormal basein H.

Let us considernow the dual spaceH? of H; and the canonicalantisomorphism
TrHy! HT xq 7' X (63)

where
x1(y1) = hxq;y1i 8y1 2 Hy (64)

Weknow that if f g gi2, isanorthonormal baseof H, andff; gj»; is anorthonor-
mal baseof H;, then f€l'gi», is an orthonormal baseof HY, fe - f; Q2125 IS
an orthonormal baseof H; - H,. We will considernow the following maps:

() If hy and h, are linear, we de ne

Aet 1Hi- Ha! H §jxje- g 7! §jX Ur(e) (65)
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(i) If hy and h, are antilinear, we de ne

Aei tHi- Ha! H 8jxje- g 7! 8§;x; U—(e) (66)
(iii) If hy is antilinear and h; is linear, we de ne

Ler tHI- Ha! H 8yx;e - g 7! §jx; U(e) (67)
(i) If hy is linear and h, antilinear, we de ne

%t tHi- Ha! H §jxje - g 7! §x;U—(e) (68)

It is easyto seethat Ay and !¢ are unitary maps and Ags and % are
antiunitary maps. Since we have constructed these maps starting from two
basesthey neednot be canonical maps. If we want however H to be the tensor
product, we haveto provethat Ae;f ;Ae;f Lei; % areindependen of the chosen
basesfe g and ff;g2y.

Lemma 7 Ags and !¢ are canonical unitary maps and Ags and % are
canonical antiunitary maps.

Proof. We will prove the lemma only for one of the four maps. The three other
proofs are completely analogous. Take another orthonormal basef pxgkox Of H1
and another orthonormal basef g g2 of H>. Wehaveto provethat * g5 = pq.
Takex 2 HY - Hy, so

x=8§jxje - fj = 8uyupe- G (69)
So

Xij = 8wihpk;&ihf;qi (70)

Yog(X) = 8wy Ug(px) (71)
= SuywUg(8ite:pie) (72)

= 8Buyk8ihe;pcilUg(e) (73)

= 8SuiYkho;eiVe(q) (74)

= Suivkhoe &iVe (8 gifj) (75)

= 8§y ywhpe eihfy; giVe(f;) (76)

= 8w Yahpc eihf; giU—(e) (77)

= §jxj U(e) (78)

= 1e;f (X) (79)

In the following theorem we will prove 3.5.

Theorem Consider P(H1), P(H2), P(H) wher H1, H, and H are complex
Hilbert spaces with dim Hy > 2 and dim H, > 2. If hy, h, ful'T1 the following
conditions:

(i) hy and h, are unitary c-morphisms
hzZP(Hz)! P(H)
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(i) 8G12 P(H1);8G, 2 P(H;) wehaveh1(G1) $ ha(Gy).

(i) 8py atom in P(H1), 8p, atom in P(H2: hi(p1) » ha(p2) is an atom of
P(H).

then P (H) is canonically isomorphicto P(Hy, - Hy) or to P(H;- H3).

Proof. From lemma 2 and lemma 4 we know that h; and h, are non mixed
m-morphisms. From lemma 7 we concludethat:

() When hy; and h, are linear, a canonical isomorphism from P(H; - H;) to
P(H) is generatedby A asfollows:

A:P(Hi- Hp)! P(H) GT7!'fAw(x):x2Gg (80)
(i) When h; and h, are antilinear, a canonicalisomorphismfrom P(H,- H»)
to P(H) is generatedby Ae; .
(i) When h; is linear and h, antilinear, a canonicalisomorphismfrom P(H1 -
H?) to P(H) is generatedby 1 ¢+ .

(iv) When hy is antilinear and h; is linear, a canonicalisomorphismfrom P (H -
H?) to P(H) is generatedby ¢ .
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