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Abstract

We require the following three conditions to hold on two systems being
described as a joint system: (1) the structure of the two systems is pre-
served: (2) a measurement on one of the systems does not disturb the
other one; (3) maximal information obtained on both systems separately
givesmaximal information on the joint system. With these conditions we
show, within the framework of the propositional system formalism, that
if the systems are classical the joint system is described by the cartesian
product of the corresponding phasespaces,and if the systemsare quantal
the joint system is described by the tensor product of the corresponding
Hilb ert spaces.

1 In tro duction

As we know the states of a physical system are described by the points in a
phasespacein classicalmechanics and by the unit vectors of a complex Hilb ert
spacein quantum mechanics. If we consider two classical systemsS1 and S2

with corresponding phasespaces­ 1 and ­ 2, then the joint systemS is naturally
described by meansof the phasespace­ which is the cartesianproduct ­ 1 £ ­ 2.
For two quantum systemsS1 and S2 with corresponding Hilb ert spacesH 1 and
H 2 it is one of the axioms of quantum mechanics that the states of the joint
systemS are described by the unit vectorsof the tensor product H 1 ­ H 2. This
not obvious procedure to construct the states of the joint system in quantum
mechanics originated in the wave-mechanics formalism. Indeed if we describe
both S1 and S2 by meansof the Hilb ert spaceL 2(R3) of all square integrable
complex functions of three variables,and a state of S1 resp. S2 is represented by
a function Ã1(x) resp. Ã2(y ) such that

R
jÃ1(x)j2dx = 1 and

R
jÃ2(y )j2dy = 1,

then it is natural to represent a state of the joint systemS by a squareintegrable
complex function of six variables Ã(x; y ) such that

R
Ã(x; y )dxdy = 1. This

¤ Published as: Aerts, D. and Daub echies, I., 1978, \Ph ysical justi¯cation for using the
tensor product to describe two quantum systems as one join t system", Helvetica Physica
Acta, 51, 661-675.
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amounts to saying that we take the Hilb ert spaceL 2(R3 £ R3) to describe the
joint system S.

Sincenot every complex function of six variablescan be written asa product
of two functions of three variables,L 2(R3£ R3) contains functions that arenot in
the cartesianproduct L 2(R3)£ L 2(R3) and in fact onecanprovethat L 2(R3£ R3)
is isomorphic to L 2(R3) ­ L 2(R3)([1], p. 51). This is the reasonwhy in general,
when we consider S1, and S2 to be described by abstract Hilb ert spaces,H 1

and H 2, we take H 1 ­ H 2 to describe the joint system S.
Our aim in this article is to try to understand the physics behind these

coupling proceduresfor two systems. We shall seethat somevery generaland
physically intuitiv e requirements on two systemsS1 and S2 lead us in a nat-
ural way to describe the joint system by means of the tensor product of the
corresponding Hilb ert spacesif S1 and S2 are quantum systems. The same
requirements for classicalsystemsforce us to describe the joint system by the
cartesian product of the corresponding phasespaces.

To carry out this program, we used the propositional system formalism of
Piron [3] becausewe think it gives a clearer insight into the physical notions
behind quantum mechanicswhich are often not soeasyto grasp in the ordinary
Hilb ert spaceformalism. Moreover it is a formalism capableof describing both
quantum systems and classical systems by means of the same mathematical
artillery .

The origins of the propositional systemformalism go back to [2]. The phys-
ical interpretation exposedhere is given in [3]. It was realized long ago [4], [5]
that the observables of a system are more fundamental physical notions than
the states of the system, which is the opposite of what is done in the Hilb ert
spaceformalism, where one de¯nes ¯rst the states and afterwards the observ-
ables. This idea gave birth to the C¤-algebra approach of quantum mechanics.
But still, an observable being represented by an operator is not a physically
very clear idea. One can remark however that it is always possibleto split an
experiment into di®erent `yes-no' experiments (observations which permit only
the two alternativ esyesor no asan answer)1. Indeed, in generalthe valuesof an
observable cover a subsetof the real line. A determination of the observable is
obtained by dividing the real line into small intervals and then deciding for each
one of these intervals whether it contains the measuredvalue. The collection
of all the yes-noexperiments obtained in this way determines completely the
observable. In phase spaceformalism of classical mechanics this collection is
the set of all subsetsof phasespaceof the form f ¡ 1(A), where A is a subsetof
the measuring range of the observable represented by the real function f , and
f is completely determined by the knowledgeof this collection (see[3] theorem
1.21). In the Hilb ert spaceformalism of quantum mechanics this collection is
the set of all projection operators of the spectral decomposition of the corre-
sponding selfadjoint operator. So the idea grew to make a quantum formalism
by consideringthe collection of all the possibleyes-noexperiments on a physical
system and to study its structure.

Taking into account somevery basic physical facts Piron shows in his excel-

1A yes-no experiment is represented in the phase space formalism of classical mechanics
by a function f from the phase space to the set f yes, nog (or, which is the same, by the
subset f ¡ 1 (yes) of the phase space). In the Hilb ert space formalism of quantum mechanics
it is represented by a pro jection operator P (or, which is the same, by the closed subspace
P (H ) of the Hilb ert space H

2



         

lent book [3] that one is led in a very natural way to de¯ne operations on this
set, which turn it into a complete, orthocomplemented, weakly modular lattice,
a well-known mathematical object. The structure of this object is now a direct
consequenceof physical arguments, which is not the casefor, e.g. linearit y in
the C¤-algebra approach. Work on such lattice formalisms has been done by
Mackey [6], Jauch [7], Piron [3], and many others. In [3] it is proven that with
some additional suppositions (for instance the possibility to de¯ne states for
the system), this approach yields a structure which is isomorphic to the struc-
ture of ordinary quantum mechanics in the Hilb ert spaceformalism. Assuming
a di®erent additional property, named distributivit y, the formalism leads to a
structure isomorphic to the oneusedin classicalmechanics. We will give a short
review of the basic notions and de¯nitions involved in the propositional system
formalism in the following section.

2 The prop ositional formalism

If S is a physical system we will denote by L the collection of all the yes-no
experiments on S. Let us remark that in fact L is just the collection of all the
properties of S becausewith every property corresponds a yes-noexperiment
and vice-versa. This to point out the great generality of this formalism which
starts by studying the structure of the set of properties of a physical system. If
S is a classicalsystem,described in phasespaceformalism, L is the collection of
all the subsetsof the phasespace­. We'll denote this collection P(­). If S is
a quantum system,described in the Hilb ert spaceformalism, L is the collection
of all the closedsubspacesof the Hilb ert spaceH. We'll denote this set likewise
P(H).

We will say that a yes-noexperiment is `true' whenever we are certain that
the answer yes will be obtained. For a classical system described by P(­)
this will be the case when the point of ­ representing the state lies in the
corresponding subset A of ­, otherwise we get with certainty the answer no.
For a quantum system described by P(H) this will be the casewhen the state
vector x belongs to the corresponding closedsubspaceG of H . Remark that
only when x 2 G? we get with certainty the answer no. In both classicaland
quantum caseswe'll say `A is true' and `G is true'.

2.1 Structure of L

The above de¯ned notion of truth for a yes-noexperiment givesrise to the basic
structure of L : we'll say that b `implies' c (notation b < c) i® c is true whenever b
is true. It is easyto seethat this de¯nes a partial order relation, i.e. a re°exive,
antisymmetric and transitiv e relation on L . This partial order relation is the
inclusion on P(­) and on P(H)

(1) L , < is a complete lattice. This means that for every family (bi ) i 2 I , of
elements in L there exists a greatest lower bound ^ i 2 I bi , and a least upper
bound _ i 2 I bi .

² In P(­) the greatest lower bound of a family (A i ) i 2 I is \ i 2 I A i , the least
upper bound is [ i 2 I A i .

3



      

² For a family of closedsubspaces(Fi ) i 2 I in P(H) we have a greatest lower
bound \ i 2 I Fi , and a least upper bound cl(spani 2 I (Fi )).

² Physically speaking, ^ i 2 I bi will be true i® all the bi 's are true. The physi-
cal interpretation of the least upper bound is lessobvious: it may happen
that _ i 2 I bi is true while none of the bi 's is true. For a classicalsystem,
this last possibility is excluded.

(2) L , < is an orthocomplemented lattice, with orthocomplementation 0. This
means that 0 is a bijection mapping L to L such that for b;c 2 L

² (b0)0 = b

² b < c ) c0 < b0

² b_ b0 = I , b^ b0 = 0 where I = _b2L b, 0 = ^ b2L b.

For A 2 P(­) we have A0 = ­ ¡ A and for G 2 P(H) we have G0 = G? .
The physical interpretation is easy: if b is true, then we'll get for certain the

answer no for b0. This interpretation holds in Hilb ert spaceformalism as well
as in phasespaceformalism.

(3) A lattice L , < is said to be distributive if:
8b;c;d : b_ (c ^ d) = (b_ c) ^ (b_ d)
It is easyto seethat P(­) is distributiv e, whereasP(H) is not if dimH > 1. This
distributivit y gives us the fundamental di®erencebetweenquantum mechanics
and classicalmechanics. Although we seethat not any L is distributiv e, there
exists a weaker condition which is always ful¯lled:

(4) L is weakly modular. This means that wheneverb < c, the sublattice gener-
ated by f b;b0; c;c0g is distributive.
This condition is veri¯ed in P(H). Pairs which generate distributiv e sublat-
tices are interesting in themselves becausethey show classical features. This
motivates the following de¯nition:

(5) De¯nition: b;c 2 L are said to be compatible i® the sublattice generated by
f b;b0; c;c0g is distributive.
We shall denote this by b $ c.
In a P(H) the relation F $ G holds i® the corresponding projection operators
commute. In P(­) any two elements are compatible.
Other pairs of elements can also be interesting:

(6) De¯nition: b;c 2 L are said to be a modular pair i®
8x < c (b_ x) ^ c = (b^ c) _ x
We shall denote this by (b;c)M .
One easily seesthat b $ c implies (b;c)M .
In the following we shall always assumethat the lattice L of yes-no experi-
ments of a system satis¯es axioms (1), (2), (4). For a more complete physical
justi¯cation of this assumption the reader is referred to [3].
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2.2 The states of a physical system

Let us consider a system S, described by the complete, orthocomplemented,
weakly modular lattice L of its yes-noexperiments. The next step in the study
of the system is to investigate which yes-noexperiments are true at a certain
moment. Theseare indeed the properties which are elements of reality for the
systemat that moment: they represent the state of the system. This collection
of `true' yes-no experiments is completely characterized by its greatest lower
bound which is again a yes-noexperiment (see2.1 (1)). One usually represents
the state by this yes-noexperiment.

Moreover we want the systemto be totally described by this collection. This
compels its greatest lower bound to be a minimal element of L : no additional
yes-no experiment can give us more information. In mathematical language,
this meansthe following for the proposition p corresponding to a certain state:
x 2 L ; x < p ) x = 0 or x = p.

An element p which has this property is called an atom of L . Sinceon the
other hand for every property of S there has to be a state in which the system
possessesthis property, we have the following axiom:

(1) L is an atomic lattice. This means that for every elementb of L there exists
an atom p such that p < b.
In P(­) the atoms are the points of ­ and in P(H) they are the one-dimensional
subspacesof H . There is one more axiom to be ful¯lled by L . For its physical
understanding which requiresa deepanalysisof the measuringprocesswe refer
the reader to [3] ch. 4.

(2) L satis¯es the covering law. This means that if p is an atom of L and
a; x 2 L such that a ^ p = O and a < x < a _ p then x = a or x = a _ p.
A collection L of yes-noexperiments on a physical system which satis¯es 2. 1
(1), (2), (4) and 2.2 (1), (2) will be called a propositional system.

As we said before a classicalsystem is described by a distributiv e proposi-
tional system which implies that any two propositions are compatible. When
the opposite is true, i.e. no element of L except 0 and 1 is compatible with all
the others (L is irreducible), we say that the systemis a pure quantum system.
In general a system is intermediate between those two extremes. It is in fact
a quantum system with superselectionrules and can be consideredas a combi-
nation of pure quantum systems(see[3] chapter 2). P(H) is a pure quantum
system.

The following two representation theorems show us that although we took
P(­) and P(H) as examplesfor a classicalsystemand a pure quantum system,
they are already the most general realizations.

(3) If L is the propositional system of a classical system, and so a complete
orthocomplemented distributiv e atomic lattice, then L is isomorphic to P(­)
where ­ is the set of all the atoms of L (for proof see[3] p. 9).

(4) If L is the propositional systemof a pure quantum system,and soa complete
orthocomplemented, irreducible, weakly modular, atomic lattice satisfying the
covering law, then L is isomorphic to the set P(V ) of all biorthogonal subspaces
of a vector spaceV over some¯eld K . The orthocomplementation de¯nes on K
an involutiv e anti-automorphism and on V a nondegeneratesesquilinearform;
the weak modularit y ensuresthat the whole spaceis linearly generatedby any
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element and the corresponding orthogonal subspace(for proof see[8] and [3]).
If we take the ¯eld in this representation theorem of Piron to be C and the
involutiv e anti-automorphism of C to be the conjugation then the vector space
V becomesa Hilb ert spaceover C and soL is isomorphic to our exampleP(H).
In the following we shall always restrict ourselves to the casewhere K = C.

3 The description of two systems as a join t sys-
tem

Let us considertwo physical systemsS1 and S2 with their corresponding propo-
sitional systemsL 1 and L 2. We want to describe the two systemsas being one
joint system S with corresponding propositional system L . Which will be the
physical requirements to ask on L 1, L 2 and L?

3.1.

² First of all we do not want S1 and S2 to lose their identit y by coupling
them. So every property of S1 and every property of S2 has to be a
property of S. The mathematical translation of this requirement is the
existenceof a map h1 from L 1 to L and a map h2 from L 2 to L .

² We also require the physical structure of S1 and S2 to be conserved when
they are consideredas parts of S. So h1 and h2 have to conserve the
structure of L 1 and L 2. It is su±cient to ask the following:

(i) for a1; b1; 2 L 1 and a1 $ b1 we have h1(a1) $ h1(b1)

(ii) for (ai ) i 2 I ; ai 2 L 1 we have h1(_ i 2 I ai ) = _ i 2 I h1(ai ).

From thesetwo requirements follows immediately that

(iii) h1(0) = 0

(iv) h1(a0
1) = h1(a1)0^ h1(I 1)

(v) h1(^ i 2 I ai ) = ^ i 2 I h1(ai ).

So (i) and (ii) make h1 to conserve the structure of L 1. We ask the same
properties for h2

2.

² h1(I 1) is a yes-noexperiment on S which is true whenever S1 exists, so it
is always true. From this we concludethat h1(I 1) = I and in an analogous
way h2(I 2) = I .

A c-morphism such that the identit y is mapped to the identit y is said to
be unitary .

3.2.

² We also want to couple S1 and S2 in such a way that it remains always
possible to consider only one of them without disturbing the other. No

2A map from a prop ositional system L to a prop ositional system L 0 with these prop erties
is called a c-morphism. An isomorphism of two prop ositional systems is a c-morphism such
that the inverse map is also a c-morphism (i.e. a bijectiv e c-morphism).
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measurement on S1 may disturb S2 and vice versa. The mathematical
translation of this requirement is the following:

If a1 2 L 1; a2 2 L 2 then h1(a1) $ h2(a2).

3.3.

² We do not lose information in coupling S1 with S2. So we will ask that
when we perform a measurement on S1 which givesus maximal informa-
tion together with a measurement on S2 which givesits maximal informa-
tion this will give us a maximal information measurement on S.

The mathematical translation of this requirement is the following (see2.2):

lf p1 is an atom of L 1 and p2 an atom of L 2, then: h1(p1) ^ h2(p2) is an
atom of L .

These three rather weak requirements will be su±cient to prove the following
two theorems.

3.4.

² If S1 and S2 are two classicalsystemsdescribed by P(­ 1) and P(­ 2) then
the joint system S is described by P(­ 1 £ ­ 2).

3.5.

² If S1 and S2 are two pure quantum systemsdescribedby P(H 1) and P(H 2)
then the joint systemS is described by P(H 1 ­ H 2) or P(H 1 ­ H ¤

2) where
H ¤

2 is the dual of H 2.

In the next sectionswe will prove those two theorems.

4 The classical case

Let us considertwo classicalsystemsS1 and S2 described by P(­ 1) and P(­ 2)
and the joint system S described by P(­). First of all we remark that require-
ment 3.2 is always ful¯lled sincewe want S to be a classicalsystem. So we will
prove 3.4 by using only 3.1 and 3.3.

Theorem If there exist two unitary c-morphisms

h1 : P(­ 1) ! P(­) (1)

h2 : P(­ 2) ! P(­) (2)

such that h1(p1) ^ h2(p2) is an atom of P(­) wheneverp1 is an atom of P(­ 1)
and p2 is an atom of P(­ 2), then P(­) is isomorphic to P(­ 1 £ ­ 2).

Proof: Consider the following map:

I : ­ 1 £ ­ 2 ! ­ (3)

(p1; p2) 7! h1(p1) ^ h2(p2) (4)
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(i) I is injective

Indeed suppose

h1(p1) ^ h2(p2) = h1(q1) ^ h2(q2) (5)

) h1(p1) ^ h2(p2) = [h1(p1) ^ h2(p2)] ^ [h1(q1) ^ h2(q2)] (6)

) h1(p1) ^ h2(p2) = h1(p1 ^ q1) ^ h2(p2 ^ q2) (7)

If p1 6= q1 then p1 ^ q1 = 0 which implies that h1(p1 ^ q1) = 0

(ii) I is surjective

Indeed

­ = h1(­ 1) ^ h2(­ 2) = h1(_p1 2 ­ 1 p1) ^ h2(_p2 2 ­ 2 p2) (8)

= f_ p1 2 ­ 1 h1(p1)g ^ f_ p2 2 ­ 2 h2(p2)g (9)

= _p1 2 ­ 1 _p2 2 ­ 2 (h1(p1) ^ h2(p2)) (10)

= f h1(p1) ^ h2(p2)j(p1; p2) 2 ­ 1 £ ­ 2g (11)

If we consider now the map i : P(­) ! P(­ 1 £ ­ 2) such that i (A) =
f (p1; p2)jI [(p1; p2)] 2 Ag, then it is easyto cheek that i is an isomorphism.

5 The quan tum case

To prove 3.5 we will make an intensive use of a study of structure preserving
mapsof propositional systemsmade in [9]. We already de¯ned a c-morphism to
be a map preserving the physical structure represented by the axioms 2.1 (1),
(2), (4). In 2.1 (6) we de¯ned modular pairs. It is easy to seethat not every
c-morphism will map a modular pair into a modular pair. If it doeswe will call
it an m-morphism [9] [10].

In [9] it is proven that every unitary m-morphism from P(H) to P(H 0) can
be generated by a family of unitary and antiunitary maps from H to H 0. If
all thesemaps are unitary the m-morphism is said to be linear and if they are
antiunitary the m-morphism is said to be antilinear. Otherwise it will be called
mixed.

We will also needthe following results of [9].

5.1. Prop osition (see[9] proposition 2.5)3) Let H ; H 0 be two complex Hilbert
spaces and f a c-morphism from P(H) to P(H 0). Then f is an m-morphism i®
8x; y non zero vectors in H : f (x ¡ y) ½ f (x) + f (y).

5.2. Theorem (see 19], theorem 3.1) Let H and H 0 be two complex Hilbert
spaces, with dimension greater than or equal to 3. Let f be an m-morphism
mapping P(H)into P(H 0). Then for every couple (x; y) of non zero vectors of
H , there existsa bijective bounded linear map Fyx mapping f (x) into f (y), such
that the set of maps f Fxy ; x; y 2 Hghas the following properties:

3 If x is a vector of a Hilb ert spaceH we will write x to denote the one dimensional subspace
generated by x.
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Fxx = id f (x ) (12)

Fxy = (Fyx )¡ 1 (13)

Fzy Fyx = Fzx (14)

Fy+ z;x = Fy;x + Fz;x (15)

F¸x;¸y = Fx;y (16)

Fy;x is an isomorphism if kxk = kyk (17)

For every non zero x in H , there exists moreover two orthogonal projections P x
1

and P x
2 , elementsof P(f (x)) , such that

P x
1 ¢P x

2 = 0 (18)

P x
1 + P x

2 = id f (x ) (19)

P y
i = Fyx P x

i Fxy (20)

and
F¸x;x = ¸P x

1 + ¸ P x
2 (21)

If for one non zero x in H the projection P x
2 (P x

1 ) is zero, then all the P y
2 (P y

1 )
are zero and

f is a linear (antilinear ) m ¡ morphism (22)

We will also usethe following result of [9].

5.3. Theorem (see[9], corollary 4.2) Let H and H 0 be complex Hilbert spaces
with dimension greater than two. Let f be a unitary c-morphism mapping
P(H)into P(H 0) such that there exists one atom p of P(H) which is mapped
to an atom f (p) of P(H 0). Then f is an isomorphism.

5.4. We will also need a few results from lattice theory which we will use
frequently in the calculations.

² (1) In a weakly modular, complete orthocomplemented lattice L if b 2 L
and ai 2 L 8i 2 I and b $ ai 8i 2 I , then:

_ i 2 I (b^ ai ) = b^ (_ i 2 I ai ) (23)

(see[3], theorem 2.21)

² (2) In a weakly modular, orthocomplemented lattice L wehave two criteria
which enableus to seewhether two elements are compatible:

If b;c 2 L :

b $ c , (b^ c) _ (b0^ c) = c (24)

, (b_ c0) ^ c = b^ c (25)

(see[3] Section 2.2)
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² (3) In a weakly modular, orthocomplemented lattice L , the triplet (b;c;d)
is distributiv e whenever oneof the three elements is compatible with each
of the two others.

(see[3], theorem 2.25)
(26)

4.5. We will now consider two pure quantum systemsS1 and S2 described by
P(H 1) and P(H 2) and the joint systemS described by P(H) whereH 1 and H 2

are complexHilb ert spaceswith dimensiongreater than two and H is a complex
Hilb ert space.We will also supposethat 3.1, 3.2 and 3.3 are ful¯lled; so

(i) there exist two unitary c-morphisms

h1 : P(H 1) ! P(H) h2 : P(H 2) ! P(H) (27)

(ii) such that for every G1 2 P(H 1) and G2 2 P(H 2) we have:

h1(G1) $ h2(G2) (28)

(iii) and such that if p1 is an atom of P(H 1) and p2 an atom of P(H 2), then

h1(p1) ^ h2(p2) is an atom of P(H) (29)

With thesedi®erent assumptionswe will ¯rst prove somelemmasin preparation
of the proof of 3.5.

Lemma 1 If we de¯ne the following maps:

ux 2 : P(H 1) ! P(h2(x2)) G1 7! h1(G1) ^ h2(x2) (30)

vx 1 : P(H 2) ! P(h1(x2)) G2 7! h2(G2) ^ h1(x1) (31)

then ux 2 and vx 1 are isomorphisms.

Proof. (i) Take (Gi
1) i 2 I so that Gi

1 2 P(H 1) 8i 2 I . We have: ux 2 (_ i 2 I Gi
1) =

h1(_ i 2 I Gi
1) ^ h2(x2) = (_ i 2 I h1(Gi

1)) ^ h2(x2). Becauseh1(Gi
1) $ h2(x2) 8i 2 I

and (23) we have: ux 2 (_ i 2 I Gi
1) = _ i 2 I (h1(Gi

1) ^ h2(x2)) = _ i 2 I ux 2 (Gi
1).

(ii) Take G1; H1 2 P(H 1) such that G1 $ H1. Let us ¯rst calculate ux 2 (H 0
1).

We have: ux 2 (H 0
1) = h1(H 0

1) ^ h2(x2) = h1(H1)0^ h2(x2) = (h1(H1)0_ h2(x2)0) ^
h2(x2) = (h1(H1) ^ h2(x2))0 ^ h2(x2) = ux 2 (H1)0 ^ h2(x2). It is easy to see
that if a 2 P(h2(x2)), then a0 ^ h2(x2) is in fact the orthocomplement of a
in P(h2(x2)). We can seethat: (ux 2 (G1) _ (ux 2 (H1)0 ^ h2(x2))) ^ ux 2 (H1) =
(ux 2 (G1) _ ux 2 (H 0

1)) ^ ux 2 (H1) = ux 2 ((G1 _ H 0
1) ^ H1)) = ux 2 (G1 ^ H1) =

ux 2 (G1) ^ ux 2 (H1). This proves(25) that ux 2 (G1) $ ux 2 (H1).

(iii) If p1 is an atom of P(H 1), then ux 2 (p1) = h1(p1) ^ h2(x2) is an atom of
P(H) (29), so an atom of P(h2(x2)).

(iv) ux 2 (H 1) = h1(H 1) ^ h2(x2) = h2(x2)

So we proved that ux 2 is a unitary c-morphism which maps atoms onto atoms.
Using theorem 4.3 we conclude that ux 2 is an isomorphism. In an analogous
way we prove that vx 1 is an isomorphism.

Lemma 2 h1 and h2 are m-morphisms
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Proof. Take two non zero vectors x1; y1 2 H 1 and a vector x 2 h1(x1 ¡ y1).
From lemma1 weknow that vx 1 ¡ y1

is an isomorphismof P(H 2) to P(h1(x1 ¡ y1)).
Hencethere exists an atom x2 2 P(H 2) such that vx 1 ¡ y1

(x2) = x. So

x = h2(x2) ^ h1(x1 ¡ y1) (32)

Sincex1 ¡ y1 < x1 _ y1 we have: h1(x1 ¡ y1) < h1(x1) _ h1(y1), which implies
that h2(x2) ^ h1(x1 ¡ y1) < h2(x2) ^ (h1(x1) _ h1(y1)) = (from (26))[h2(x2) ^
h1(x1)] _ [h2(x2) ^ h1(y1)] = (from (29))[h2(x2) ^ h1(x1)] + [h2(x2) ^ h1(y1)].

Form (36) we seethat x = y + z where y 2 h1(x1) and z 2 h1(y1). Sincex was
chosenat random we have: h1(x1 ¡ y1) ½ h1(x1) + h1(y1). Using proposition
5.1 we conclude that h1 is an m-morphism. In an analogousway one proves
that h2 is an m-morphism.

Sinceh1 and h2 are m-morphisms we can consider the mappings

Fy1 ;x 1 : h1(x1) ! h1(y1) (33)

K y2 ;x 2 : h2(x2) ! h2(y2) (34)

de¯ned in theorem 5.1, with their corresponding properties proved in [9]. We
can prove then the following:

Lemma 3 If x 2 h1(x1) ^ h2(x2) and y1 2 H 1, y2 2 H 2, then:

Fy1 ;x 1 (x) 2 h1(y1) ^ h2(x2) (35)

K y2 ;x 2 (x) 2 h1(x1) ^ h2(y2) (36)

and
Fy1 ;x 1 K y2 ;x 2 (x) = K y2 ;x 2 Fy1 ;x 1 (x) (37)

Proof. Take x 2 h1(x1) ^ h2(x2) and y2 2 H 2, then we have x = K y2 ;x 2 (x) + u
where u 2 h2(x2 ¡ y2); K y2 ;x 2 (x) 2 h2(y2). We have to show that K y2 ;x 2 (x) 2
h1(x1). Sinceh1(x1) $ h2(y2) and h1(x1) $ h2(x2 ¡ y2) we have (24) h2(y2) =
[h2(y2) ^ h1(x1)] _ [h2(y2) ^ h1(x1)0] and h2(x2 ¡ y2) = [h2(x2 ¡ y2) ^ h1(x1)] _
[h2(x2 ¡ y2) ^ h1(x1)0]. So K y2 ;x 2 (x) = v + w where v 2 h2(y2) ^ h1(x1) and
w 2 h2(y2) ^ h1(x1)0, and u = z + t where z 2 h2(x2 ¡ y2) ^ h1(x1) and
t 2 h2(x2 ¡ y2) ^ h1(x1)0. So x ¡ v ¡ z = w + t, hencew + t 2 h1(x1) ^ h1(x1)0

which implies that w + t = 0, and since h2(x2 ¡ y2) ^ h2(y2) = 0 we have
w = t = 0. Sowe seethat K y2 ;x 2 (x) = v 2 h1(x1) ^ h2(y2). In an analogousway
we prove that Fy1 ;x 1 (x) 2 h1(y1) ^ h2(x2). To prove (37) we proceedas follows:
Form x = K y2 ;x 2 (x) + u follows Fy1 ;x 1 (x) = Fy1 ;x 1 K y2 ;x 2 (x) + Fy1 ;x 1 (u), and
Fy1 ;x 1 (x) 2 h1(y1) ^ h2(x2), Fy1 ;x 1 K y2 ;x 2 (x) 2 h1(y1) ^ h2(y2), and Fy1 ;x 1 (u) 2
h1(y1) ^ h2(x2 ¡ y2). So Fy1 ;x 1 K y2 ;x 2 (x) = K y2 ;x 2 Fy1 ;x 1 (x).

Lemma 4 h1 and h2 are both non-mixed m-morphisms.

Proof. Supposeh1 to be mixed. Then P x
1 [h1(x1)] 6= 0 and P x

2 [h1(x1)] 6= 0. Take
z 2 P x

1 [h1(x1)] and t 2 P x
2 [h1(x1)]. Sincefrom lemma 1 the map vx 2 : P(H 2) !

P(h1(x1)) is surjective, there exists elements z2 and t2 2 H 2 such that

vx 1 (z2) = z (38)

vx 1 (t2) = t (39)

11



          

or

z 2 h1(x1) ^ h2(z2) (40)

t 2 h1(x1) ^ h2(t2) (41)

Take K t 2 ;z2 (z) = t0 2 t. Then K t 2 ;z2 F¸x 1 ;x 1 (z) = K t 2 ;z2 (¸z ) = ¸t 0. On the
other hand, becauseof (37), we must obtain the same result if we calculate
F ¸x 1; x1K t 2 ;z2 (z) = F¸x 1 ;x 1 (t0) = ¸ t0. But ¸t 0 6= ¸ t0 if = (¸ ) 6= 0. So h1 cannot
be mixed. In an analogousway we prove that h2 cannot be mixed.

Lemma 5 Take z1 2 H 1, z2 2 H 2, and z 2 h1(z1) ^ h2(z2) such that z1; z2; z
are non zero vectors. Put

® =
kz1k ¢kz2k

kzk
(42)

and de¯ne the following maps:

Ux 2 : H 1 ! h2(x2) x1 7!
®

kx2k
Fx 1 ;z1 K x 2 ;z2 (z) (43)

Vx 1 : H 2 ! h1(x1) x2 7!
®

kx1k
K x 2 ;z2 Fx 1 ;z1 (z) (44)

then Ux 2 are all unitary or antiunitary maps according to whether h1 is linear
or antilinear (see (22) and the Vx 1 are all unitary or antiunitary mapsaccording
to whether h2 is linear or antilinear.

Ux 2 generates ux 2 and Vx 1 generates vx 1 (45)

Proof. It follows from (35) and (36) that Ux 2 and Vx 1 are well de¯ned. It follows

from the de¯nition and (22) that Ux 2 is linear or antilinear accordingto whether
h1 is linear or antilinear. Take now kt1k = kz1k and kt2k = kz2k with t1 2 x1

and t2 2 x2. We have:

kUx 2 (x1)k =
®

kx2k
kFx 1 ;z1 K x 1 ;z1 (z)k (46)

=
®

kx2k
kx1k
kz1k

kx2k
kz2k

kFt 1 ;z1 K t 2 ;z2 (z) (47)

Using (17) and (42) we seethat:

kUx 2 (x1)k =
kz1k
kzk

kz2k
kx2k

kx1k
kz1k

kx2k
kz2k

kzk = kx1k (48)

So Ux 2 is an isometry (or anti-isometry).
In an analogousway we prove that Vx 1 is an isometry (or anti-isometry).

From (35) and (36) we seethat for x1 2 H 1 and x2 2 H 2 we have:

Ux 2 (x1) = h1(x1) ^ h2(x2) = Vx 1 (x2) (49)

If we de¯ne:

eux 2 : P(H 1) ! P(h2(x2) G1 7! f Ux 2 (x1) : x1 2 G1g (50)

evx 1 : P(H 2) ! P(h1(x1) G2 7! f Vx 1 (x2) : x2 2 G2g (51)
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then it is easyto check that eux 2 and evx 1 are unitary c-morphismsdi®erent from
the zeromorphism, mapping atoms onto atoms. Take now an orthonormal base
f ei gi 2 I in G1. Then f Ux 2 (ei )gi 2 I is an orthonormal basein eux 2 (G1), and:

ux 2 (G1) = ux 2 (_ i 2 I ei ) (52)

= _ i 2 I ux 2 (ei ) (53)

= _ i 2 I (h1(ei ) ^ h2(x2)) (54)

= _ i 2 I Ux 2 (ei ) (55)

= eux 2 (G1) (56)

So eux 2 = ux 2 and analogouslyevx 1 = vx 1 . Sinceux 2 and vx 1 are surjective, Ux 2

and Vx 1 will be unitary or antiunitary .

Lemma 6 If kx1k = kx2k for x1 2 H 1 and x2 2 H 2 then

Ux 2 (x1) = Vx 1 (x2) (57)

If f ei gi 2 I is an orthonormal baseof H 1 and f f j gj 2 J an orthonormal baseof H 2

then
f Uf j

(ei )gi 2 I ;j 2 J (58)

is an orthonormal baseof H .

Proof. (57) is a direct consequenceof the de¯nitions (43), (44) and of (37). Let
us prove (58). Supposej 6= j 0, then, since f j ? f j 0, we have h2(f j ) ? h2(f j 0).
This makesUf j

(x1) ? Uf j 0
(x1) 8x1 2 H 1. SinceUf j

is a unitary or antiunitary
operator we have also

Uf j
(ei ) ? Uf j 0

(ei 0) (59)

for i 6= i 0, and
kUf j

(ei )k = 1 8i; j (60)

So f Uf j
(ei )g is an orthonormal set in H . Take

_ i 2 I ;j 2 J Uf j
(ei ) = _ i 2 I ;j 2 J (h1(ei ) ^ h2(f j )) (61)

= h1(H 1) ^ h2(H 2) = H (62)

Hencef Uf j
(ei )g is an orthonormal basein H .

Let us considernow the dual spaceH ¤
1 of H 1 and the canonicalantiisomorphism

¤ : H 1 ! H ¤
1 x1 7! x¤

1 (63)

where
x¤

1(y1) = hx1; y1i 8y1 2 H 1 (64)

Weknow that if f ei gi 2 I is an orthonormal baseof H 1 and f f j gj 2 J is an orthonor-
mal baseof H 2, then f e¤

i gi 2 I is an orthonormal baseof H ¤
1, f ei ­ f j gi 2 I ;j 2 J is

an orthonormal baseof H 1 ­ H 2. We will considernow the following maps:

(i) If h1 and h2 are linear, we de¯ne

Áe;f : H 1 ­ H 2 ! H § ij x ij ei ­ ej 7! § ij x ij Uf j
(ei ) (65)
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(ii) If h1 and h2 are antilinear, we de¯ne

Ãe;f : H 1 ­ H 2 ! H § ij x ij ei ­ ej 7! § ij x ij Uf j
(ei ) (66)

(iii) If h1 is antilinear and h2 is linear, we de¯ne

¹ e;f : H ¤
1 ­ H 2 ! H § ij x ij e¤

i ­ ej 7! § ij x ij Uf j
(ei ) (67)

(ii) If h1 is linear and h2 antilinear, we de¯ne

º e;f : H ¤
1 ­ H 2 ! H § ij x ij e¤

i ­ ej 7! § ij x ij Uf j
(ei ) (68)

It is easy to see that Áe;f and ¹ e;f are unitary maps and Ãe;f and º e;f are
antiunitary maps. Since we have constructed these maps starting from two
basesthey neednot be canonical maps. If we want however H to be the tensor
product, wehave to prove that Áe;f ; Ãe;f ; ¹ e;f ; º e;f are independent of the chosen
basesf ei gi 2 I and f f j gj 2 J .

Lemma 7 Áe;f and ¹ e;f are canonical unitary maps and Ãe;f and º e;f are
canonical antiunitary maps.

Proof. We will prove the lemma only for one of the four maps. The three other
proofsare completely analogous.Take another orthonormal basef pk gk2 K of H 1

and another orthonormal basef ql gl 2 L of H 2. We have to prove that ¹ e;f = ¹ p;q .
Take x 2 H ¤

1 ­ H 2, so

x = § ij x ij e¤
i ­ f j = § k l yk l p¤

k ­ ql (69)

So
x ij = § k l hpk ; ei ihf j ; ql i (70)

¹ p;q (x) = § k l yk l Uql (pk ) (71)

= § k l yk l Uql (§ i hei ; pk i ei ) (72)

= § k l yk l § i hei ; pk i Uql (ei ) (73)

= § k l i yk l hpk ; ei i Vei (ql ) (74)

= § k l i yk l hpk ; ei i Vei (§ j hf j ; ql i f j ) (75)

= § k l ij yk l hpk ; ei ihf j ; ql i Vei (f j ) (76)

= § k l ij yk l hpk ; ei ihf j ; ql i Uf j
(ei ) (77)

= § ij x ij Uf j
(ei ) (78)

= ¹ e;f (x) (79)

In the following theorem we will prove 3.5.

Theorem Consider P(H 1), P(H 2), P(H) where H 1, H 2 and H are complex
Hilbert spaces with dim H 1 > 2 and dim H 2 > 2. If h1, h2 ful¯l l the following
conditions:

(i) h1 and h2 are unitary c-morphisms
h1 : P(H 1) ! P(H)
h2 : P(H 2) ! P(H)
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(ii) 8G1 2 P(H 1); 8G2 2 P(H 2) we haveh1(G1) $ h2(G2).

(iii) 8p1 atom in P(H 1), 8p2 atom in P(H 2: h1(p1) ^ h2(p2) is an atom of
P(H).

then P(H) is canonically isomorphic to P(H 1 ­ H 2) or to P(H 1 ­ H ¤
2).

Proof. From lemma 2 and lemma 4 we know that h1 and h2 are non mixed
m-morphisms. From lemma 7 we concludethat:

(i) When h1 and h2 are linear, a canonical isomorphism from P(H 1 ­ H 2) to
P(H) is generatedby Áe;f as follows:

Á : P(H 1 ­ H 2) ! P(H) G 7! f Áe;f (x) : x 2 Gg (80)

(ii) When h1 and h2 are antilinear, a canonical isomorphism from P(H 1 ­ H 2)
to P(H) is generatedby Ãe;f .

(iii) When h1 is linear and h2 antilinear, a canonical isomorphism from P(H 1 ­
H ¤

2) to P(H) is generatedby ¹ e;f .

(iv) When h1 is antilinear and h2 is linear, a canonicalisomorphismfrom P(H 1­
H ¤

2) to P(H) is generatedby º e;f .
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